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1 Introduction 



Partially commutative groups arc a class of groups widely studied on account 
both of their intrinsically rich structure and their natural appearance in many 
diverse branches of mathematics and computer science (sec [7] or [21] for 
example.) It is therefore natural that the pace of study of their automorphism 
groups should be gaining momentum, as it has been recently. 

A partially commutative group G{r) (also known as a right-angled Artin 
group, a trace group, a semi- free group or a graph group) is a group given by 
a finite presentation {X\R), where X is the vertex set of a simple graph F 
and it! is the set consisting of precisely those commutators [x, y] of elements 
of X such that x and y are joined by an edge of F. (A simple graph is 
one without multiple edges or self-incident vertices. Our convention is that 
[x,y] = x-^y-^xy.) 

Initial work by Servatius [36] and Laurence [29] established a finite gen- 
erating set for the automorphism group of a partially commutative group. In 
a resurgence of interest over the last few years considerably more has been 
discovered: for example, Bux, Charney, Crisp and Vogtmann [8, 10, 5] have 
shown that these groups are virtually torsion-free and have finite virtual co- 
homological dimension and Day has shown how peak reduction techniques 
may be used on certain subsets of the generators and thereby has given a 
presentation for the automorphism group [13]. Moreover these groups have 
a very rich subgroup structure: Gutierrez, Piggott and Ruane [27] have con- 
structed a semi-direct product decomposition for the more general case of 
automorphism groups of graph products of groups. Duncan, Remeslennikov 
and Kazachkov [19] describe several arithmetic subgroups of the automor- 
phism group of a partially commutative group; while different arithmetic 
subgroups have been found by Noskov [33] . Under certain conditions on the 
graph F, Charney and Vogtmann have shown [11] that the Tits alternative 
holds for the outer automorphism group of G{T) and moreover Day [15] has 
shown that in all cases this group contains either a finite-index nilpotent 
subgroup or a non-Abelian free subgroup. Minasyan has shown [32] that 
partially commutative groups are conjugacy separable, from which (loc. cit.) 
it follows that their outer automorphism groups arc rcsidually finite. By 
reduction to the compressed word problem in G{T), Lohrey and Schleimer 
have shown that the word problem in Aut(G'(F)) has polynomial time com- 
plexity [30] . Charney and Faber [9] , and subsequently Day [14] , have studied 
automorphism groups of partially commutative groups associated to random 
graphs, of Erdos-Renyi type, and found bounds on the edge probabilities so 
that, with probability tending to one as the number of vertices tends to oo, 
such groups have finite outer automorphism groups. 
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In this paper we continue the investigation of [19] into the structure of the 
automorphism group and its subgroups. We introduce several standard auto- 
morphisms of a partially commutative group and describe how an arbitrary 
automorphism may be decomposed as a product of these standard automor- 
phisms. This reduces the study of the automorphism group to the study of 
subgroups generated by particular types of standard automorphism. We then 
define subgroups of a geometric character and use these to analyse the group 
structure. Note that if R is the ring of integers or a field of characteristic 
and G is a partially commutative group in the class of 2-nilpotent i?-groups, 
the structure of Aut(G) has been completely described, by Remeslennikov 
and Treier [35]; and decomposes as an extension of an Abelian group by a 
subgroup of GL{n,R). 

With this program in mind we define certain automorphisms, based on 
the combinatorial properties of the graph F, and these form our stock of stan- 
dard automorphisms. The idea is to emulate the theory of automorphisms 
of algebraic and Chevalley groups. There is extensive hterature on abstract 
isomorphisms of the classical linear groups and algebraic groups, over fields 
and special classes of rings, in which the fundamental results arc theorems 
on splitting of arbitrary automorphisms into special automorphisms (such 
as algebraic, semialgebraic, simple, central, etc.) [3, 25] and representations 
of the group of automorphisms as products of the corresponding subgroups. 
Similar splitting theorems have also been established for Chevalley groups. 
Steinberg [37] and Humphreys [28] established such results for Chevalley 
groups over fields and Bunina [4] has defined several special types of auto- 
morphism (Central, Ring, Inner and Graph automorphism) and shown that, 
if G is a Chevalley group over a commutative local ring (subject to certain 
restrictions) then an arbitrary automorphism of G decomposes as a prod- 
uct of such automorphisms. Moreover similar results have been obtained for 
Kac-Moody groups (see [6] and the references therein). 

In [19] we obtained certain decomposition theorems for the automorphism 
group of a partially commutative grouup which we extend in this work. We 
use the orthogonalisation operator Y-^ and a closure operator cl(y) both 
defined on subsets y C X in [18]. In particular, for x & X, the set {x}-^ 
consists of all vertices incident to well itself: so is the "star" 

of x; and the closure cl({a;}) of {x} is the intersection of the stars of all 
elements of {x}^. The closure operator cl defines a lattice of "closed" subsets 
£, — C{X) of X and the results of [19] were obtained by considering the action 
of automorphisms on this lattice. In this paper we consider a similar lattice 
/C = K,{X) of "admissible" subsets of X and the action of automorphisms on 
K. In particular there is an admissible set a{x) associated to each clement 
of X: namely the intersection of the stars of all elements of {a;}-'-\{a;}. We 
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consider the following subgroups of the automorphism group Aut((j) of the 
partially commutative group G. 

• The subgroup Aut'"(G) of automorphisms induced by automorphisms 
of the graph F (Definition 3.7). 

• The subgroup Kui^^^^iG) of Aut(G), which is isomorphic to the auto- 
morphism group of the graph r'^°™P, the compressed graph of F (Defi- 
nition 3.7). 

• The subgroup Conj(G) of basis-conjugating automorphisms: those 
which map each generator x to x-^^, for some fx^G (Definition 3.14). 

• The subgroup Conjjv^(G) of Conj(G), of automorphisms such that, for 
all X E X, there exists in G with the property that z maps to 2;^^, 
for all z e o(a;) (Definition 3.33). 

• The subgroup St(/C), elements of which stabilise subgroups generated 
by subsets A, where A is an clement of the lattice JC (Definition 4.1). 

• The subgroup St'^"^-^(/C), elements of which map each subgroup (A), 
where A E IC, to (A)^^, for some qaE G (Definition 4.2). 

• Various subgroups illustrated in Figure 1.1 below. 

(Several of these groups are well-known: some are defined for example in [29] 
and others in [19].) 

The first step in our decomposition of Aut(G) is to separate out the 
automorphisms induced by automorphisms of the compressed graph. 

Theorem 4.4. The group Aut(G) can he decomposed into the internal semi- 
direct product of the subgroup St'^°°''(/C) and the finite subgroup AMi],^^^{G), 
i.e. 

Aut(G') = St"°"j(/C) X Aut;:„„^p(G). 

This theorem essentially reduces the problem of studying Aut(G(F)) to 
the study of the group St"°"j(/C). 

We may also decompose the automorphism group using the connected 
components of F. If F has connected components Fi, . . . , F„ then the par- 
tially commutative group determined by F is the free product of those deter- 
mined by the Fj. The group of automorphisms of a free product of groups has 
been completely described (from the point of view of generators and defining 
relations) in papers [22, 23, 24, 12]. We speciahse these results to the case 
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under consideration to give generators and relations for the full automor- 
phism group in terms of presentations for the automorphism groups of the 
factors. 

However, here we encounter the first of two main obstructions to identify- 
ing the structure of Aut(G(r)). The problem arises when there are isolated 
vertices in the graph F (vertices of valency zero). In this case the automor- 
phism group does not have a natural semi-direct product decomposition in 
terms of the automorphism groups of the factors. Nonetheless, in the special 
case where there are no isolated vertices the quoted results give the following 
theorem, where LlnUgxt is a subset of Conj(G), which is empty unless T is 
disconnected and is defined in Definition 3.24, F has connected components 
Fi,...,F„and Gi^GiVi). 

Theorem 3.31 (c/. [12], Theorem C]). Suppose that no component ofV is 
an isolated vertex. Define G — Gi x ■ ■ ■ x Gn and FR(G') = (LlnUcxt)- Then 
FR(G) is the kernel of the canonical map from Aut(G) to Aut((5). Moreover 
FR(G) has a normal series 

1 < Pn-l < - <P2< FR(G') 

such that, setting FRi(G') = YK{G)/Pi, 

(i) FR(G) = PiX FRi(G), 

(a) ¥Ri{G) = FR(G'i * • • • * Gi) and 

(Hi) all the Pi are finitely generated. 

The last theorem reduces analysis of the structure of Aut(G'), in the case 
when F has no isolated vertices, to analysis of Aut(G(Fj)),i = 1, . . .n, and 
of the Fouxe-Rabinovitch kernel FR(G). 

In the light of these results we may often reduce to the study of St'^°"-' (/C) 
where F is a connected graph. First of all we have the following theorem. 

Theorem 4.5. The subgroup Conjj^(G) is a normal subgroup ofSt^°^^{]C) 
and therefore of Conj (G) . 

The next step might appear to be to give an affirmative answer to the 
following question. 

Question 4.7. Let T be a connected graph. Is St^°''j(/C) = St(/C) Conj^lG) ? 

However as examples show the answer to this question is negative; and 
this brings us to the second major obstruction to the description of the 
structure of Aut(G). This is the existence of vertices x and y such that 
{y}'^\{y} is contained in {x}-^. When this occurs we say that x dominates 
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y (Definition 3.37). If there are no such vertices x and y in F then we obtain 

a clear description of the structure of St'^°"-'(/C) in terms of Conj(G') and the 
stabihscr St(£) of the lattice of closed sets (studied in detail in [19]). In fact, 
in this case Conj(G') = Conji,^(G) and St(/C) = St(>C). 

Theorem 4.10. The following are equivalent for a graph T. 

(i) G has no dominated vertices. 

(ii) St™'^j(/C) = ConjN(G') X St(£). 
(ill) St"°"j(/C) = Conj(G') X St(£). 
(iv) St'=°°j(/C) = Conj(G') X St(/C). 

Therefore, in the case where there are no dominated vertices the structure 
of St^°°j(/C) is determined by the structure of ConjN(G) and St(£) and, as 
we have shown in [19], St(>C) is an arithmetic group for which we have a 
complete structural decomposition. 

We conclude by establishing conditions imdcr which St'^°°-'(/C) = 
Conj(G) St(A^), even though there are dominated vertices (and this product 
may not be semi-direct). In Section 4.1 we introduce balanced graphs, which 
include those without dominated vertices, and prove the following theorem. 

Theorem 4.19. Let T he a connected graph and G — G{V). Then 
St'^°°-'(/C) = St(/C) Conj(G) if and only if V is a balanced graph. 

Therefore in many cases the structure of St'^°°-'(/C) is determined by the 
structure of St(/C), Conj(G) and Conjj>j(G). In this paper we find generators 
for (most of) the subgroups discussed above, as well as those appearing in the 
diagram below, establish some of their basic properties and investigate the 
decomposition of the automorphism group of G, in terms of these subgroups, 
in the simplest cases, leaving the case where there are dominated vertices, 
and the structure of St(/C) to later papers. 

The structure of the paper is as follows. In Section 2 we introduce par- 
tially commutative groups, admissible sets, the lattices /C and C and describe 
an ordering on the vertex set of a graph induced from the lattice K,. In Section 
3 we turn to the automorphism groups of partially commutative groups, show 
how they may be decomposed using the subgroups Aut'"(G') and Aut^o;np(G), 
mentioned above, and, using the results of Fouxe-Rabinovitch and Gilbert 
and Collins, show how the connected components of the graph F determine 
generators and relations for the automorphism group of G(F). In Section 3.5 
we define a collection of subgroups of the basis-conjugating automorphism 
subgroup Conj(G), to be used to decompose St'^""-' (/C) , and show how these 
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Figure 1.1: Subgroups of Aut(G(r)), where F has no isolated vertices 

relate to each other (see Figure 1.1 below). In Section 4 we consider the 
subgroups St(/C) and St"°'^j(K:), show that ConjN(G') is normal in St'=°°j(/C), 
describe the intersection St(/C) nConjj^(G) and give an example to show that, 
in general, St'^°°j(/C) St(/C) Conj(G). Finally in Section 4.1 we define bal- 
anced graphs and show that the equality St'^°'^''(/C) = St(/C) Conj(G) holds for 
G = G(r) if and only if F is balanced. In the version of the paper on arxiv 
we include an appendix with details of the construction of a presentation of 
Aut^oj^p(G) and the proof of the Theorem 3.29. 

For reference purposes Figure 1.1 shows a diagram of the lattice of the 
main subgroups which wc define in the paper. The figure covers the case 
where F has no isolated vertices (that is vertices of valency zero). If F does 
have isolated vertices then the subgroups Conjj,j(G) and Conji^(G) n St(i^) 
are removed from the diagram, which otherwise remains the same. (In this 
case ConjN(G) = Inn(G).) Subgroups ConjA(G), Conjy(G'), Conjg(G') and 
Conj(-.(G) are defined in definitions 3.32, 3.34, 3.35 and 3.38, respectively. 
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2 Preliminaries 



Graph will mean undirected, finite, simple graph throughout this paper. A 
subgraph 5 of a graph T is called a full subgraph if vertices a and b of S are 
joined by an edge of S whenever they are joined by an edge of F. If 5" is a 
subset of V{r) we shall write T(S) for the full subgraph of F with vertices -S". 

If a and b arc elements of a group then [a, b] denotes a~^b^^ab. If A and 
B are subsets of a group then [A, B] denotes {[a,b\ : a & A,b E B}. 

For the remainder of the paper let F be a finite, undirected, simple graph. 
Let X — V{T) = {x'l, . . . , Xn} be the set of vertices of F and let F{X) be the 
free group on X. Let 

R = {[xi, Xj] G F{X) I Xi, Xj e X and there is an edge of F joining Xi to xj}. 

We define the partially commutative group with (commutation) graph F to 
be the group G'(F) with presentation {X \ R). When the underlying graph 
is clear from the context we write simply G. 

The subgroup generated by a subset Y C. X is called a canonical parabolic 
subgroup of G and denoted G{Y). This subgroup is equal to the partially 
commutative group with commutation graph the full subgraph of F with 
vertices Y (see [2] or [21]). 

By a word over X is meant an element of the free monoid {X U X~^)*. 
We identify elements of F{X) with reduced words (that is those have no 
subwords of the form x^x'^, where x E X and e — ±1). The length of a 
word w is its length as an element of [X U X~^)* and is denoted \w\. Denote 
by lg(5') the minimum of the lengths of words that represent the element g 
of G{X). If w is a word representing g and w has length lg{g) we call w a 
minimal form for g. If w is a minimal form for some element of G then we 
say that w is a geodesic word. When the meaning is clear we shall say that 
■u; is a minimal element of G when we mean that w is a minimal form of an 
element of G. We say that h E G is cyclically minimal if and only if 

\g(g-'hg) > \g{h) 

for every g E G. 

The support of a word w over X is the set of elements of X such that 
X or x~^ occurs in w. U u and v are minimal forms of an element g E G 
then both u and v have the same support (see for example [21]). Therefore 
we may define the support v{g) of an element G G to be the support of 
a minimal form oi g. \i w E G define A{w) = G{Y), where Y is the set of 
elements of X\i'{w) which commute with every element of i>{w). If 5* C G 
then we define A{S) = n^gsA(w). 
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Prom now on we regard words as representing elements of G, so when 
we write u — v, where u and v are words, we mean that u and v represent 
the same element of G. We write -u o -u; to express the fact that lg{uw) = 
Ig(-u) + lg{w), where u,w & G. Let u and w be elements of G. We say that 
M is a left (right) divisor of w if there exists v E G such that w = u o v 

— vou). We partially order the set of all left (right) divisors of a word w 
as follows. We say that U2 is greater than ui if and only if ui is a left (right) 
divisor of U2. It is shown in [21] that, for any w E G and F C X, there exists 
a unique maximal left divisor of w which belongs to the subgroup G{Y) of G: 
called the greatest left divisor gdY{w) of w in Y. The greatest right divisor 
of w in y is defined analogously. 

The non- commutation graph of the partially commutative group G(r) is 
the graph A, dual to F, with vertex set V^(A) = X and an edge connecting Xi 
and Xj if and only if [xj,^^] 7^ 1. The graph A is the union of its connected 
components Ai, . . . , A^ and if u and v are words such that z/(m) C Aj and 
z/(u) C Aj, with i 7^ j, then u and v represent commuting elements of G. 
Thus, if the vertex set of Aj is Ij and Fj = r(-(?), the full subgraph of F on 
7j, then G = G'(Fi) x ■ ■ ■ x G{Tk). 

Let g E G and suppose that the full subgraph A(z/((yf)) of A with vertices 
^{g) has connected components A'^, . . . , AJ and let the vertex set of A^- be Ij. 
If is a minimal form of g then, since [/j, I^] — 1, we can factor w asa product 
of commuting words, w — wi o ■ ■ ■ o wi, where Wj e G'(F(/j)), so [wj, Wk] — 1 
for all j, k. If is cyclically minimal then wc call this expression for g a block 
decomposition of g and say Wj is a block of g, for j = 1, . . . , /. Thus w itself is 
a block if and only if A{i>{w)) is connected. Moreover it follows (see [21] for 
example) that if g has another minimal form u with a block decomposition 
u — ui o • ■ ■ o Uk then k — I {as A{u{u)) — A{u{g)) — A{u{w))) and after 
reordering the w^'s if necessary Wg = Ug, for s = 1, . . . ,1. 

In general let v be an element of G, not necessarily cyclically minimal. 
We may write v = owou, where w is cyclically minimal and then w has a 
block decomposition w — Wi • ■ • wi, say. We call the expression v — ■ ■ -wl^ 
a block decomposition of v and say that wJ is a block oi v, for j — 1, . . . ,1. 
Note that this definition is slightly different from that given in [21]. 

The centraliser of a subset 5" of G is 

C{S) = CaiS) ^{geG:gs^sg, for all s e S}. 

An element g E G is called a root element if g is not a proper power of any 
element of G. li h = g"^, where g is a root element and n > 1, then g is said to 
be a root of h. As shown in [2] (and also [16]) every element of the partially 
commutative group G has a unique root, which we denote r{g). Let w he a 
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cyclically minimal element of G with block decomposition w — Wi - ■ ■ Wk and 
let Vi — r{wi). Then from [2] (and also [16, Theorem 3.10]), 

C{w) = {v^)^---x{vk)xA{w). (2.1) 

The following lemma will be useful. 

Lemma 2.1. Let x,y & X and f,g & G such that [x, y] 

(i) x^ = f^^ o X o f , y3 = g-^ oy o g and 

(ii) gd^(/,^) = l. 

Then Hf),v{g)] = {1} and = [g,x] = 1. 

Proof. By hypothesis [x^^ \|/] = 1. Prom condition (ii) fg^^ = f ° and 
from [17], Lemma 2.3, there exist a,b,u e G such that fg~^ — a o b o u, 
x^^ = o X o u, a = x", for some n G Z, and [b,x] = 1. From (2.1), 
b = o c, for some c G A{x); so a o b = x'^ o c, for some A; G Z. Now a o b 
is a left divisor oi f o g~^ and it follows from condition (i) that u = ui o U2, 
where f = Ui and g~^ — a o b o U2 — x'^ o c o U2, ior some words Ui, U2 with 
[til, x'^ o c] = 1. Prom condition (i) again, k — 0, a — 1 and 6 = c G 74(x). 

Prom [17] Corollary 2.6, [x,?/] = [a;",y] = 1 implies that u G C(y). As -u 
is a right divisor of / o it follows, from condition (i) again, that U2 = 1; 
so f = Ui = u, and g = b. It follows, using condition (ii) once more, that 
[i/(6), z^(m)] = 1 and this gives the result. □ 

2.1 Admissible sets 

In this section we establish some properties of graphs which we shall apply 
to the study of the automorphism group of G(r). If x and y are vertices of a 
graph r then we define the distance d{x, y) from a; to y to be the minimum 
of the lengths of all paths from a; to y in P. Given a subset y of X the 
orthogonal complement of Y is defined to be 

Y^^{ue X\d{u, y) < 1, for all y G ¥}. 

For a set {x} of one clement we write x-^ instead of {x}^ and in general often 
write X in place of {x}. For any set F C X we write y-*-*- for (F-*-)-*-. By 
convention we set — X. 

We define the closure of Y to be cl(y) = Y-^-^. The closure operator 
in r satisfies, among others, the properties that Y C cl(y), cl(y~^) = Y^ 
and cl(cl(F)) = cl(F) [18, Lemma 2.4]. Moreover ii Yi C Y2 C X then 
cl(ri) C cl(F2). 



= [x^ , y^] — 1 and 
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Definition 2.2. A subset Y of X is called closed {with respect to F) ifY — 
cl(y). Denote by C = C(T) the set of all closed subsets of X . 

For non-empty Y C X define a{Y) = riy^Yiv^Xv)'^ ■ Define a(0) = X. 
Subsets of the form a{Y), where Y C X are called admissible sets. Let 
K, = /C(r) denote the set of admissible subsets of X . 

Properties of the set C are considered in detail in [18] and applied to the 
study of centralisers and automorphisms of partially commutative groups in 
[17], [20] and [19]. We shall see, in Section 3, that distinct elements x and y 
of X, such that x^\x C y-*-, give rise to a particular type of automorphism of 
G. The motivation for the definition of an admissible set is then clear from 
the first part of the following lemma. 

Lemma 2.3. For all x E X, 

(i) the set a{x) = {y & X : x^\x C y^} and 

(a) ye <x{x) if and only if c\{y) C a{x), for all y & X . 

Proof. (i) y e a{x) if and only if [y, v] — 1, for all v e x^\x, if and only if 
x-^\x C y-*-. 

(ii) For all y e X we have y G cl(y), so the "if" clause follows. On the 
other hand if y G a{x) then, from (i), x-^\x C y-*-; so y-*--*- C (x-^\x)-^, 
as required. 

□ 

Example 2.4. In the graph F of Figure 2.1a 

• o(a) = {6, c, (i, e, h, i}^ = {a} = cl(a); 

• — g^ — {a, c, d, e, g, h} and a{d) — a{g) — {a, d, g} — cl{d) — c\{g); 

• cl(6) = {a, 6, c, /i}-*- = {a, fc}; cl{i) — {a, c, /i, i}-*- = {a,i}, — b-^\b 
and a(i) = a{b) — {a, c, h}^ — {a, 6, d, g, i} — c\{b) U c\{d) U c\{i); 

• cl(c) = {a, c}, c\{h) = {a, h}, c-^\c — h-^\h and a(c) = a{h) — 
{a, c, h} — cl(c) U c\{h); 

• o(e) = {a,d, f, g}^ = {e} = cl(e) and 

• cl(/) = {e,/}^ = {e,/} and a(/) = {e}^ = {a,d,e,f,g} = d(d) U 
cl(/). 
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(a) A graph T (b) The lattice /C(r) 

Figure 2.1: A graph and it's lattice of admissible sets 



For sets U, V we write U < V to indicate that U C V and U V. A 
subset y of X is called a simplex if the full subgraph of F with vertices Y is 
isomorphic to a complete graph. 

Lemma 2.5. For x ^ z & X and subsets U and V of X the following hold. 

(i) IfUCV then a(V) C a(U). 

(ii) a{U)na{y) = a{UUV). 

(Hi) cl{x) — a{x) n x-^ so a{x) — cl{x) if and only if (x{x) C x-^. 

(iv) x^ C a{x) if and only if x^ generates a complete subgraph. 

(v) If x-^\x C z-^\z then a{z) C a{x). 

(vi) If x^ C z^ then a{z) C a{x). 

(vii) a{z) C a{x) if and only if x^\x C z-^. 

(via) a{x) = a{z) if and only if either x-^ = z-^ or x^\x = z-^\z. 

(ix) If z e a{x) then a{z) C a{x). 

(x) a{U) = Uyea(u)a{y). 
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(xi) If c\{x) — a{x) then c\{y) — a(y), for all y e a{x). 

(xii) If [x,z] = 1 then [G{a{x)),G{a{z))] = 1. 

Proof. Statements (i) to (v) follow directly from the definitions and the fact 
that if C T then T"*- C S-^, for all subsets S,T of X. For (vi) note that 
in this case z G a;-*-, so as x 7^ z, a{x) = {x-^\x)-^ = {{x-^\{x,z}) U {2;})"'" = 
{x-^\{x, z})-^ nz-^ D {z-^\{x, z})-^ n = a{z). 

The right to left implication of (vii) is a consequence of (v) and (vi), 
and the fact that if x-^\x C z-^ then x-^ C z-^ or x-^\x C z-^\z. To see the 
opposite imphcation: if a{z) C a{x) then, as ^ e o(^), we have z e ci{x), so 
x^\x C z-^, from Lemma 2.3. 

To see (viii) suppose first that a{x) — a{z). Then, from (vii), we have 
x-^\x C z-^ and z-^\z C x-^. li x & z^ then z e x-^, and in this case x-^ — z^ . 
Otherwise x ^ z^ and 2; ^ a;-*" in which case x^\x = z-^\z. Conversely, 
if either x-^ = z-^ or x^\x = z-^\z then it follows, from (v) and (vi), that 
a{x) = a{z). 

Statement (ix) follows immediately from (vii) and Lemma 2.3. Statement 
(x) follows from (ix) as if y G a{U) then a(y) C a{U). 

To see statement (xi) observe that cl(a;) is a simplex so if cl(a;) — a{x) 
and y G a{x) then a{y) C a{x) implies that a{y) is a simplex. Therefore 
ci(y) C y-^ and the result follows from (iii). 

For (xii) suppose that u G a{x) and v G a{z). Since z G x^\x we have 
u & z^ and similarly v & x^. Since [w, y] = 1 for all y & x^, except possibly 
X, it follows that u commutes with v, unless v = x. However if v — x then, 
since v G {z-^\z)-^, v commutes with all elements of z-^, including u. 

□ 

Let ~^ be the relation on X given by x ~_l y if and only if x^ = y^ and 
let be the relation given by x y if and only if x-^\x = y^\y. These 
are equivalence relations and the equivalence classes of x under ~x and 
are denoted by [x]± and [x]o, respectively. Note that if |[a;]_L| > 1 then 
[x]o = {x} and the same is true on interchanging ± and <0. Therefore the 
relation ~, given by a; ~ y if and only if x ~_l y or x y, is an equivalence 
relation. Denote the equivalence class of x under ~ by [x]. Then a; ~ y if 
and only if x y ot x ~^ y, and [x] = [x]± U [x]^. It follows that a; ~ |/ if 
and only if x^\{x, y} = y^\{x, y}. 

Lemma 2.6. For all x, z E X , 

(i) <x{x) — a{z) if and only if z E [x], 

(a) [x] = a(x)\(U{a(y)|y G a{x) and a(y) < a{x)}). 
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Proof. The second statement follows directly from the first, together with 
(ix) of Lemma 2.5. Therefore it suffices to show that a{x) = a{z) if and only 
if z G [x]. By definition, z G [x] if and only if x^ = or x-^\x — z-^\z. 
From Lemma 2.5 (viii), this holds if and only if <x{x) = (x{z). □ 

Lemma 2.7. 

r^l = / W^' ^■^^(^) = ^^^^^ 

Proof. First suppose a{x) = c[{x). Then, from Lemma 2.5 (ni), a{x) C x"*". 
li z E [x] then, from Lemma 2.6 (ii), z G [x] fl x^ and so z ~_l x. 

Now suppose that cl(a;) < a{x). U z E [x], z x, and z-^ = x-^ then 
x G so a(x) = a{z) C x-*-, contradicting Lemma 2.5 (ni). Hence z G [x] 

implies z ~o x. □ 

In view of Lemma 2.5 (ii) above, for an arbitrary subset y of X the 
a-closure of Y may be defined to be the admissible set 

cl„(F) = n{U C X\Y C t/ and t/ = a{V), for some V C X}. 

Then cl|j(y) is the smallest admissible set containing Y and Y is admissible 
if and only if F = c\a{Y). 

It is shown in [18] that Y E C if and only if F = f/-*-, for some [/ C X. 
Therefore /C C £. The set /C, partially ordered by inclusion, with infimum 
UAV = UnV and supremum UW ^ c\a{UUV) forms a lattice. The lattice 
/C has maximal element X — cla{X) — o(0) and minimal element <x{X). The 
lattice of admissible sets for the graph of Example 2.4 is shown in Figure 
2.1b. 

Although the lattice /C(r) of the graph F in Example 2.4 consists of o(0), 
a{X) and sets of the form a{x), where x E X, this is atypical. For example 
consider the path graph of length three: that is the tree with vertices a, 
b, c and d and edges {a,b}, {b,c} and {c,d}. In this case a(a) = {a,b,c} 
and a{b) = {b}. It follows that |a(a;)| = 1 or 3, for all vertices x. How- 
ever a{{a,d}) = {b,c}; so a{{a,d}) ^ ci(a;), for all vertices x. Moreover 
clo({a,(i}) = X ^ a({a,(i}). We shall be mostly interested here in the ad- 
missible sets a(x), iox X eX\ for which we can say the following. 

Lemma 2.8. For x E X, c\a{x) = a{x). 

Proof. By definition cla{x) C a{x). If U is admissible then U = Dj^gyod/), 
for some Y C X . If x E U this means that x E o(y), so a{x) C a{y), for all 
y eY. Hence a{x) C U. It follows that a{x) C clo(a;). □ 
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2.2 Ordering X 



The next goal is to define a total ordering on X which reflects the structure 
of the lattice /C. First define a partial order <yc on X by x <k, y if and only 
if a{x) < <x{y)- If ix{x) — a{y) we write x —jc y. We say x is KL-minimal if 
y ^K. X implies y =ic x. The definition of K-maximal is then the obvious one. 
Recall that in [19] the analogous ordering using C instead of /C was defined, 
and the definitions of >C-minimal and ^-maximal were also defined using the 
closure operator instead of the a operator. 

Lemma 2.9. An element x & X is JC-minimal if and only if [x] = a{x). If 
X is JC-minimal then 

(i) X is C-minimal and 

(a) c\{y) = [y]_L, for all y e a{x). 

Proof. The first statement follows immediately from the definitions and 
Lemma 2.6. For the second suppose x is /C-minimal. If [x] — a{x) — c\{x) — 
[x\±_ then c\{y) — cl(x), for all y e cl(a;), so x is ^-minimal and (i) and (ii) 
hold. If [x] — a{x) > c\{x) then [x]^ — a{x), so cl{x) = [x]^ x-^ = {x}, 
from Lemma 2.5(iii), so again x is £-minimal. To see (ii) in this case note 
that y G a(x) implies y E [x]^ = [y]^ and cl{y) = y-^ H a{y) = y^ H a{x) = 
n [y]^ = {y} = [y]^. □ 

As in Example 2.10 below, there may be elements which are >C-minimal 
but are not /C-minimal. 

We now define a total order -< on X, which will have the properties that 

1. if X <!c y then y ~< x and 

2. ii z ^ y ^ X and z e [x] then ye [x]. 

Define JCx to be the subset of /C consisting of sets a(x), ior x e X. To begin 
with let 

Bq = {Y e JCx '■ y = Ci{x), where x is /C-minimal}. 

Suppose that Bq has k elements and choose an ordering Yi < ■ ■ ■ < Yk of 
these elements, li i ^ j then it follows from Lemma 2.9 that Yi (lYj = 0. 
Therefore we may define the ordering -< on Uf^^Yi in such a way that if 
Xi G Yi and Xj G Yj and Y^ < Yj then xj -< Xi: merely by choosing an 
ordering for elements of each Yi. (For instance, in Example 2.10 we can 
choose f ^ e ^ d ^ c.) 



15 



We recursively define sets Bi of elements of ICx, for i > 0, as follows. 
Assume that we have defined sets Bq, .... Bi, set Ui = Wj^^Bj and define 
Xi ^ {u e X : u e Y, for some Y e C/,}. If Ui ^ JCx define Bi+i by 

Sj+i — {Y — a{x) e JCx :Y ^ Ui, and y <!c x imphes that a{y) E Ui}. 

If Ui ICx then Xj 7^ X and Sj+i 7^ 0. We assume inductively that we have 
ordered the set Xi in such a way that if 

(i) < a < 6 < i, 

(ii) Xa e Ya where Ya E -B„ and 

(iii) Xb E Yi, where Yf, G B^; 

then Xb -< Xa- If F = o(x) G -Bj+i then 

H = ^\{« e a(|/) : 1/ <x; a;} 
= Y\{u G X,}. 

Therefore we have defined -< on the set Moreover, if Yi 7^ I2 and 

Fi, F2 e Bi+i then Fi fl F2 e so ^ G Fi n F2 imphes a(^) C F^ n ^2- As 
Fi 7^ F2 this implies that a{z) is strictly contained in Fj, i = 1, 2. If Fj = a(xi) 
then z <ic Xi and so z ^ [xi], i = 1,2. That is, [xi] fl [^2] = 0. Now choose an 
ordering on the set of elements of -Bj+i: Zi < ■ ■ ■ < Zk say, where Zj = Ci{xj). 
Then Zj\[xj] C Xj, j = 1, . . . ,k. We can extend the total order -< on Xj to 

Xj+i = Xj U uJ^iZ^- = Xj U Uj=i[xj] 

as follows. Assume the order has already been extended to Xj U*~J [xj]. 
Extend the order further by choosing the ordering -< on the elements of 
[xs] and then defining the greatest element of [xg] to be less than the least 
element of Xj U^^^ [xj] (as in the last step of Example 2.10). At the final 
stage s — k and the order on Xj is extended to Xj+i. We continue until 
Ui = )Cx, at which point X = Xj and we have the required total order on 
X. Note that, by construction, if x,y E X and x <fc y then y -< x. Also, 
if X ^ y -< z and [z] = [x] then [y] = [x]. Thus 1 and 2 above hold. If 
a{x) belongs to Bi we shall say that x, a{x) and [x] have height i and write 
h{x) = h{a{x)) = h{[x]) = i. 

Example 2.10. Let F be the graph of Figure 2.2. Then 

o(a) = 0(6) = {a,b,e,f}, 
a(c) = a{d) = {c, d}, 
a(e) = a(/) = {e, /} and 
a{g) = {c,d,g}. 

In the partial order <x. we have 
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a c e 




b d f 

Figure 2.2 

• X <jc a and x <x. h, if x & {e, /}, and 

• c <jc g and d <k g- 

Elements c, d, e and f are IC-minimal while a, b and g are IC-maximal. 
(For all X G X, we have cl{x) = {x}, so a, b and g are C-minimal but not 
IC-minimal.) 

We have Bq — {a(c), a(e)} and we must choose an order on this set: say 
a(c) < a(e). Neod choose orders on a(c) and a(e); say d ~< c and f < e. The 
construction now gives the order 

f < e < d < c 

on a(c) U o(e). 

Now Uq = Bq and Xq = a(c) U a(e); so Bi = {<x{a) , (x{g)} . We must 
choose an ordering on Bi: say a{a) < a{g). 

a{a) — {a, b} U {e, /} and 
aig)^{g}U{eJ}, 

where {a, b} — [a], {g} — [g] and {e, /} C Xq. We must choose an ordering 
on [a] : say b < a and then extend the order on Xq to Xq U [a] by 

b-<a-<f-<e-<d-<c. 

Finally extend this order to [g] to obtain 

g<b<a<f<e<d<c. 
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3 Generators for Aut(G') and Decomposition 
over Graph Automorphisms 

Recall the convention of Section 2: G denotes a partially commutative group 
with commutation graph F, and X — V{T). 

Notation. We shall often abuse notation when discussing elements of 
by referring to as a "vertex" of F, when wc really mean that x is a vertex. 
In particular, for z — we refer to z-^ and a{z) when we mean x-^ and 
a{x), respectively. 

3.1 Graph Automorphisms 

For any graph Vt let Aut(r2) denote the group of graph automorphisms of Vt. If 
Vt is labelled then by an automorphism of Vt we mean a graph automorphism 
which preserves labels. We shall use the equivalence ~ of Section 2.1 to 
define a quotient graph of F. Let u,v & X. In [17] it is shown that there is 
an edge of F joining -u to f if only if there is an edge joining a to 6, for all 
a G [m] and 6 G [v\. Therefore there is a well-defined graph with vertex set 
consisting of the equivalence classes of ~ and an edge joining vertices [u] and 
[v] if and only if there is an edge of F joining u and v. The resulting graph 
has no multiple edges but may have loops. 

Definition 3.1. The compression of the graph F is the labelled graph F'^°™p 
with vertices — {[v] w & X} and an edge joining [u] to [v] if and only 

if u is joined to v by an edge ofV. Vertices ofV^^"^ are labelled as follows. 
Let u & X and | [w] | = d. 

1. If d — 1 then [u] is labelled (1, 1). 

2. If d > 1 and [u] = [u\± then [u] is labelled {-i-,d). 

3. If d > 1 and [u] — [ii]<> then [u] is labelled {'0>,d). 

We shall express each automorphism of F as a product (I) — a/3, where 
a corresponds to a certain automorphism of F'^°™p and (3 is an automorphism 
of F which maps [u] to itself, for all m G X. First we make some definitions. 
If Q and Q' are graphs without multiple edges and / is a map from V{Q) to 
V{Q') then we say that / induces a graph homomorphism if, for all u,v E 
V{fl), uf is joined to vf whenever u is joined to v. It is easy to see (for 
details see [17]) that the map from X to X^°™p sending u to [u\ induces 
a homomorphism comp : F — > F'^°™p. Every automorphism cf) G Aut(F) 
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induces a label preserving automorphism 0^°™p e Aut(r'^°™P): sending [u] 
to [u(f)] = [v](f). In fact the map vTcomp : Aut(r) Aut(r''°™P), given by 
^Ti'comp = 0'^°™P, is a homomorphism (see [17]). 

On the other hand wc may fix a total order on the elements of [v], for 
all u & X. Then, if 0™™p is an automorphism of F*^"™?, the label of [u] is 
identical to the label of for allu E X. Hence there is a unique order 

preserving bijection from [u] to The union of these bijections is an 

automorphism of F; and we may define icomp to be the map from Aut(F^°™P) 
to Aut(F) given by (f>^°^^ Lcomp = 0- Then tcomp is a homomorphism and 
'•compTTcomp IS the identity map of F'^°™p. 

Definition 3.2. Define the compressed automorphism group Autcomp(r) of 

F to be the subgroup Aut(F^°'^P)tcomp o/Aut(F). 

For V & X let S[y] denote the group of permutations of [v]; so S[^] is a 
subgroup o/Aut(F) isomorphic to the symmetric group of degree \[v]\. 

The definition of Autcomp(r) depends on the choice of ordering of [u], 
which we regard as fixed for the remainder of the paper. We then have the 
following lemma. 



Now we focus attention on automorphisms which interchange connected 
components of F. First of all we fix notation for these connected components. 
In the following definition we adopt the convention that, if m is a non- 
negative integer and f2 is a graph then Q,"^ denotes the disjoint union of m 
copies of fl (and is empty if m = 0). 

Definition 3.4. Let Qq denote the graph consisting of a single vertex and no 

edges. Suppose that there exist pairwise non-isomorphic graphs fii, . . . ,Vld, 
such that every connected component of F with at least two vertices is iso- 
morphic to fli, for some i > I, and that d is minimal with this property. 



for some rui E Z, with tuq > and rui > 1, for i > 1. In this case we say 
that the right hand side of (3.1) is the isomorphism type o/F. 



Suppose that F has isomorphism type 1^^° U fif ^ U • • • U Q^''. Identify 
each connected component of F with a particular copy of Q,j (to which it is 



Lemma 3.3 (cf. [17, Proposition 2.52]). Aut(F) 





Then 



F ^ u u • • • U 



(3.1) 
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where Tj^k = Qj, for k — 1, . . . , rrij. Fix an isomorphism from Fj^k to Qj, for 
all j and k. For < j < d and 1 < a < 6 < there is an isomorphism 
of U fi™^ U ■ ■ ■ U interchanging the ath and 6th copy of Qj and 
fixing all other connected components pointwise. This induces, via the fixed 
isomorphisms of Fj ^ and Qj, an isomorphism uj-'^^ of F, which interchanges 
Tj^a and Tj^f, and leaves all other components fixed. The subgroup of Aut(F) 
generated by {(^^^ : 1 < a < b < rrij} is then isomorphic to the symmetric 
group 5"^^. of degree rrij. 

Definition 3.5. Denote by Autsymm(Fj>) the subgroup o/Aut(F) generated 
by {uj^i, : 1 < a < b < mj}. Denote by Autcomp(Fj,fc) the subgroup of 
Autcomp(r) consisting of compressed automorphisms such that 4>\rjk ^'^ '^'^ 
automorphism ofTj^^ xcj) = x, for all x e X\Xj^k. 

Thus Autcomp(Fj,fc) — Aut(Q^°™''). Note that r™™^ has isomorphism type 
fio" U Uti(^^r"''')'"% where uq = 0, if tuq = 0, and uq = 1, if mo > 0; so we 
obtain the following decomposition. 

Lemma 3.6. Let F have isomorphism type given by (3.1). Then 

d /mj \ 
Autcomp(r) =J] n^"* 

comp(rj,fe) ^ Autsyinin(rj>) I ) 
j=l \k=l J 

with Autsyinm(Fj-,*) isomorphic to the symmetric group of degree mj and 
Autcomp(Fj,fe) isomorphic to Aut(Q^°™^). 

Each of the above subgroups of Aut(F) is naturally isomorphic to a sub- 
group of the automorphism group of G; which we shall now name. 

Definition 3.7. Let Aut{G) be the automorphism group of the partially com- 
mutative group G with commutation graph F. An element cf) e Aut(G') is 

• a graph automorphism if the restriction (j)\x of (j) to X is an element 
o/Aut(F); and 

• a compressed graph automorphism if (l)\x is an element o/ Autcomp(r)- 

• Denote by Aut^{G) and Aut^^p{G) the subgroups o/Aut(G) consisting 
of graph automorphisms and compressed graph automorphisms, respec- 
tively. 

• For V e X, denote by S[v]{G) the subgroup of Aut^{G) consisting of 
elements (j) such that (f)\x £ S[v]. 
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• Denote by Autly^^{Gj^^) the subgroup of automorphisms cf) of Aut{G) 
such that 0|x is an element 0/ Autsynim(rj,*); and 

• by Aut^^^p{Gj^k) the subgroup of automorphisms (f> such that (f)\x is an 
element of Autcompi^j,k)- 

Remark 3.8. The subgroup 11^=0 ^^^rymml^j,*) of Aut(G) is denoted 11 and 
called the group of permutation automorphisms in [24]. 

The following proposition follows from Lemmas 3.3 and 3.6. 

Proposition 3.9. Let F have isomorphism type given by (3.1). Then 

(i) Aut'"(G) = (n[«]ex<:°">p ^ ^'^^lorapi.G) , with S\y^{G) isomorphic 

to the symmetric group of degree \ [v\\, and 

(u) 

d / nii 

Aut[„^p(G') = n n^^^comp(G',-,fe) X Aut[y^^(G',>) 

j=i \k=i 

Moreover Aut^yjjjj^(G'j,*) is isomorphic to the symmetric group of degree 
nij and Aut^^^^^p{Gj,k) is isomorphic to AvLt^^j^^p(G{^lj)) . 

In the sequel we shall the particular generators for Aut^Qj^p(G) of the next 
definition. 

Definition 3.10. Define the following sets of graph automorphisms. 

(a) For 1 < j < d, let V^ompj ^ generating set for Av£^^^{Gj^]). 

(b) For < j < d and 1 < a < b < mj, the group automorphism induced 
by the graph automorphism o;^^ (defined above) is also called a;^ ^ and 
we define 

Kn.u.,j = {<J1 <a<b<mj}C Aut^(G). 
fc ) (G) — U U'^ (V^ I J ) 

( / ' compV / ' symm,0 ^ ^J=1V' compj ^ ' symm,j/' 

When the meaning is clear we write V^omp instead of V^oTapi^)- 
Lemma 3.11. (i) Autl^^j^X^j^^) is generated by V^y^^ j. 

(11) A\itl^^^{G) is generated by V^^^p{G). 

Proof. The lemma follows directly from the definitions and Proposition 
3.9(ii). □ 

Clearly a presentation for AutJjQj^p(G') may be constructed from the de- 
composition of Proposition 3.9, using the generators V^om.p{G)j but we leave 
details to the appendix. 
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3.2 Generators for Aut(G) 



Definition 3.12. Given x G X, the automorphism of G mapping x to x 
and fixing all other generators is called an inversion and denoted ix- The set 
of all inversions is denoted Inv = Inv(G'). 

Definition 3.13. For fixed x,y & X"^^ an automorphism sending x to xy 
and fixing all elements of X"^^ other than is denoted Tx,y and called a 
transvection. The set of all transvections Tx,y such that x e X"^^ and y & X 
is denoted Tt ^Ti:{G). 

For distinct x,y e X, there exists an element Tj.s^yS G Aut(G) if and only 
if x^\x C y-*-. 

Definition 3.14. Let e Aut(G) be an automorphism and assume that, 

for all x E X , there exists E G such that x<^ = x^"^ . Then (f) is called a 
basis-conjugating automorphism. The subgroup of Aut((j) consisting of all 
basis- conjugating automorphisms is denoted Conj(G). 

The group of inner automorphisms Inn(G) is a normal subgroup of 



Definition 3.15. For S C X defi,ne Ts to he V\S, the graph obtained from 
r by removing all vertices of S and all their incident edges. 

Definition 3.16. Letx e X, letC be the vertex set of a connected component 
ofVx^ and let e — ±1. The automorphism ac,x^ given by 



is called an elementary conjugating automorphism of T. 

The set of all elementary conjugating automorphisms ( over all connected 
components o/Fj-x and all x & X) is denoted Linn = Llnn(G). 

Theorem 3.17 (Laurence [29]). The group of basis- conjugating automor- 
phisms Conj(G') is generated by the set Llnn(G). 

In [29] it is shown that Aut(G) is generated by the following automor- 
phisms. 

(i) A fixed choice of generators for the graph automorphisms Aut^(G). 

(ii) The set of inversions Inv. 

(iii) The set of transvections TV. 



Conj(G). 
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(iv) The set of elementary conjugating automorphisms Linn. 

We shall construct various decompositions of Aut(G) and in view of these 
decompositions we shall reduce to proper generating subsets of Laurence's 
generators. The first such reduction is the following. 

Proposition 3.18. Aut(G) is generated 6y Inv U Tr ULInn U P^j^^p. 

Proof. To see that these automorphisms generate Aut((j), it suffices, using 
Lemma 3.11(ii), to show that every automorphism G Aut'"(G') belongs to 
the subgroup generated by Inv, Tr and Aut^Qj^p(G'). From Proposition 3.9, 
may be written ascp = a/3, where a G n[t,]GX<:°mp ^Mi^) P ^ Aut^Qj^p(G). 
Hence it is enough to show that S[y] (G) C (Inv, Tr). As [v] generates a free or 
free Abelian subgroup of G, for all x,y E [v] and e = ±1, the transvections 
Tx^^y and inversions and Ly are automorphisms of G and belong to Inv U Tr. 
The permutation a^^y sending x toy and y to x and fixing all other generators 
can be obtained as a word in these generators; ax,y = i-xT~x]j'Ty,x'Tx-^,y As 
S\y\{G) is generated by such elements it follows that 'S'[i,](G) C (Inv, Tr) as 
required. 

□ 



3.3 Decomposition of Aut(G) over Graph Automor- 
phisms 

Definition 3.19. Let Aut*(G) denote the subgroup o/Aut(G) generated by 
the set V* = Inv U Tr ULInn. 

Later we shall show that Aut*(G) has a natural description in terms of 
the stabiliser of the lattice /C. Here we establish what we need in order to 
obtain an initial decomposition of Aut(G) in terms of Aut^ojjjp(G). It is useful 
to establish the following fact first. 

Lemma 3.20. Let x,y E X and let C be a connected component ofVy±. If 
(x{x) <^GUy-^ and a{x) n C then y e a{x). 

Proof. Suppose that y ^ a(a:). Then there exists u G x^\x such that [y, u] ^ 
1. Thus u ^ y-^ and u G x-^\x] so [u, v] — 1 for all v G a{x). This means that 
a{x)\y^ is contained in some connected component of Ty±. If a{x) fl C 7^ 
it follows that a(a;) C G Uy^, and the result follows. □ 

Proposition 3.21. Let G Aut*(G'). Then, for all x e X, there exists 
fx eG such that G{a{x))(j) = G(a(x))^". 
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Proof. It suffices to prove tlie statement in tfie case wfiere is a generator 
of Aut*(G). First consider tlie case wfiere is a eiementary conjugating 
automorpfiism. 

Suppose ttien ttiat ij E X, C is a connected component of and ttiat 
(j) = ac,y. Now fet x e X. ff C n a(a;) = tfien G{a{x))(/) = G{a{x)), so we 
may assume tfiat Cno(x) ^ 0. If a{x) C CUy-^ tfien G{a{x))4> = G{a{x))y, 
as required. Tliis ieaves tfie case wfiere C fl a{x) ^ and o(x) ^ C U i/-*-. In 
tfiis case y G a(a;), from Lemma 3.20, and — z ox — z^, for all z e (x{x), 
so G{a{x))(f) = G{a{x)). 

Tfie case wfiere G fnv is straigfitforward (and = 1, for aff x, in tfiis 
case). Suppose tfien tfiat is a transvection; more precisefy fet y,z & X 
witfi y-^\y C z-^ and c6 = Xy^^^, wfiere e G {±1}. Let x G X. ff y ^ a(x) tfien 
(f) is tfie identity on G{a{x)) so we may assume tfiat y G a(a;). fn tfiis case we 
fiave z G cl{z) C o(y) C a{x). Hence G{a{x))4> = G{a{x)), as required. □ 

Remark 3.22. Note tfiat tfie proof of tfiis proposition sfiows tfiat if (f) is in 
tfie subgroup of Aut*(G) generated by Inv and Tr tfien G{a{x))4> — G{a{x)), 
for aff X & X. 

Proposition 3.23. Aut*(G') is a normal subgroup of Ant{G) and the latter 
decomposes as a semi-direct product Aut(G) = Aut*(G) xi Aut^ojjjp(G). 

Proof. To see tfiat Aut*(G) is normaf in Aut(G') it is onfy necessary to cfieclc 
tfiat 9~^(l)9 G Aut*(G) wfiere 9 G Aut^(G) and is a generator of Aut*(G'). 
ft is straigfitforward to cfieck from tfie definitions tfiat if G Aut'"(G') tfien 
9 acts by conjugation on tfie generators of Aut*(G) as foffows. ff Lz G fnv 
tfien 4 — he- If a; G X"^^, y E Y and Tx,y G Tr tfien r^y = Txe,ye- If otc,y is 
an efementary conjugating automorpfiism tfien, since 9 restricts to a grapfi 
automorpfiism of F, it foffows tfiat C9 is a connected component of V^yQ^^.. 
Furtfiermore a^^y = ace,ye- Tfierefore Aut*(G') is normaf. 

Next we sfiow tfiat Aut*(G') fl {V^omp) = {!}• From Proposit ion 3.21, for 
aff X G X and (f) G Aut*(G), we fiave xcf) — w^, for some w G G{a{x)) and 
g E G. Tfiis means tfiat tfie exponent sum of y G X in x0 is zero unfess 
y e a(x). 

We cfaim tfiat if G Aut'"(G') tfien, for aff x G X, x9 = y and a{x)9 = 
a{y)9, for some y ^ X witfi h{y) = h{x). To see tfiis note tfiat 9 G Aut^(G) 
impfies 9\x is in Aut(F) so a{x)9 — a{x9). li x9 — y tfien it foffows from 
Lemma 2.6 and induction on tfie fieigfit h{x) of x tfiat h{y) — h{x), and tfie 
cfaim foffows. 

Now if ^ is a non-triviaf efement of Aut)jQjjjp(G') tfiere is a; G X sucfi 
tfiat [x]9 = [y] witfi [y] ^ [x]. Witfiout foss of generafity we may assume 
x9 = y; so tfie exponent sum of y in x9 is non-zero. As h{x) — h{y) it foffows 
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from Lemma 2.6 that [y] fl a{x) — and so y ^ a{x). Combining this with 

the above we have Aut*(G) fl Aut^ojjjp(G) = 1. As Aut(G) is generated by 
InvUTrULInn U "Pcomp follows not only that Aut*(G') is normal but that 
Aut(G) decomposes as a semi-direct product, as claimed. □ 

3.4 Decomposition over Connected Components 

In this section we use the theory of automorphisms of free products developed 
in [22, 23], [24] and [12] to give a presentation of Aut(G), and describe its 
structure, in terms of automorphisms of the groups corresponding to the 
connected components of F. A presentation for the automorphism group of a 
free product in terms of presentations for automorphism groups of the factors 
is given in [22, 23] and reformulated in [24]. Using the latter we construct a 
presentation for Aut(G'), in terms of presentations of automorphism groups 
of factors of G, appropriate to our particular setting. 

Definition 3.24. Let T have isomorphism type given by (3.1) and, as in 
Section 3.1, let Tij be the connected components ofT, where Fjj = fli, for 
1 < j < rrii and <i < d. Let 

• Xij be the vertex set ofTij, 
. letS^{{0,j):l<j<mo}, 

• let Xs — Lig^s^s, the set of isolated vertices ofV, and 

• let J = {{i, j) : 1 < i < d, 1 < j < nii}. 

(i) Define the following sets of automorphisms which preserve subgroups 
generated by connected components of T and fix all elements of X^j 
when j ^ 1: let 

(a) InVint(G') = {ix e Inv \x e X^^i, < i < d}; 

(h) Trint(G') = {T,,y e Tr |x e X^l y e l<i< d}; 

(c) Llnnint(G') = {ac,x e LInn|x e Xf/, C C AT^,!, 1 < i < d}; 

(d) Vint(G) = Invint(G') U Trint(G') U Llnnint(G'). 

(a) Define the following sets of automorphisms which do not preserve sub- 
groups generated by connected components ofV. Let 

(a) TrextlG) = {r,,, eTi\x e Xf.ye 

(b) Llnnext(G) = {acy e LInn|C = Xj,y e X^\j e J,k e SUJ,k^ 

j}; 
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(c) Ve.t{G) = IVextCC) U Llnnext(G'). 
Finally define V{G) - Vl,^^{G) U V-^G) U V,^t{G). 

When the group G in question is clear from the context we often drop 
the argument G from these definitions, writing V ior V{G), and so on. 

Remark 3.25. 1. The conditions on Tr imply that Ti^xx is empty un- 
less there exists an isolated vertex x of F, in which case there is an 
automorphism r^^y G Ttext, for all y e X\{x}. 

2. If s e 5" and Xg = {x}, z e X^^, z ^ x^^ , then Aut(G) contains the 
automorphism 0X3,2, b'lt. also contains r^jii^^; and olx^.z = Tx,zTx-^,z- 
Hence we make the restriction j e J; i.e. \Xj\ > 2, in Definition 3.24 
(ii)b above. 

3. In [24] elements of TrextULInUext are called Whitehead automorphisms. 
Proposition 3.26. The set V generates Aut(G'). 

Proof. In the light of Proposition 3.18, it suffices to show that every auto- 
morphism in Inv U Tr ULInn belongs to the subgroup generated by V. For 
all i,j with 1 < i < d and 1 < j < rui the automorphism u\j belongs 
to ^symm,i ^ ^^omp ^ud for all Xj,yj G Xij there are Xi,yi G X,^i such 
that xi = XjUj\ ,j and yi = yji^lj- Then we have = {uj{j)^^Lxj^ujIj, 
T^e^y. = {u\^^)-'^Txi,y^uj{j and acj,xj = (wlj)"^aci,j/i^j, where Cj = CiUj\y 
As Txi^y^ and ctci.yi are all elements of V it follows that InvUTrULInn 
is contained in the subgroup generated by P, as required. □ 

We extend the notation of Definition 3.7, for graph automorphisms of the 
factors of G, to cover all automorphisms of the factors. 

Definition 3.27. Fori = 0, . . . , rf, let Aut{Gi^i) denote the subgroup of 
Aut(G) consisting of elements G Aut(G) such that x4> = x, for all x G 
an(iG'(F,,i)0CG(F,,i). 

Before choosing generators and relators for Aut(G) note that 
Aut^^pCG,,!) < Aut(G,,i) ^ Aut(G'(Q,)) 
and that, from Proposition 3.18, Aut(Gi,i) is generated by 

(PintnAut(G,,i))up,i;_,. 
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Definition 3.28. Choose presentations 

(^symm,il^rymm,i) for Aut^y^^(G'i,,) , < i < d, and 
{Kn.pMou.p,i) for Aut,^„^p(G',,i), l<i<d. 
(For notational convenience set V^^^p Q = T^comp o = For < i < d, let 

so Vi is a set of generators for Aut{Gi^i) . Choose a presentation {Vi\7li) for 
Aut(G'i,i) such that TZi D ^comp,i; relators chosen (in the appendix) for 

Proposition 3.29. Aut(G') has a presentation {V\7l), where V is given in 
Definition 3.24 o.rid TZ is defined in Definition 3.30 below. 

Definition 3.30. Let TZ be the union of the following sets. 

(i) ^fymm,i; for i = 0, . . . , d. 

(a) TZi, for i = 0, . . . ,d. 

(Hi) The sets 

= {K„p] : p e P,-, 2 < a < 6 < m,-} 
U {[p, (^iaQ^iJ ■■ P,q ^Vj,2 < a <mj} 
U {H,aP'^ia,'^ib1'^i,b\ ■P,qeVj,2<a<b<mj}, 
for j ^0,...,d 

(IV) V^{\p,q]\peVi^ nymm,i, q^V^VJ V^^^^j, with < i < j < d} . 

(v) The set of relations TZi, for i=l,. ■ ■ ,11, below. 

Note that if r^^y E Ticxt then necessarily x G Xf^, for some i E S and y E 
Xp^, where j E S U J with j ^ i. Similarly, if ac,x E LInnext then x E X^^, 
for some i E S U J and C — Tj, where j E J, with j ^ i. In the relations 
below all the transvections r.^, and elementary conjugating automorphisms 
a. ., that are mentioned explicitly, belong to Trcxt or LInnext- respectively. 
The relations arc defined for all u,v,x,y,z E X'^'^ and i,j,k,l E S U J, for 
which the preceding conditions hold. To ease the description of conditions 
placed on such automorphisms, for a E [Jj(zjG{Tj) U Xg^, we define 

. ^ r J if a e G(r,) 

\ X if a = x^, where x E Xs, £ = ±1 
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For y e Xf^i where j e J, we write 7y(j) for the automorphism con- 
jugating every element of Xj by y and fixing all elements of X\Xj. That 
is 

' xy if x e Xj 
X if x e x\Xj ' 



so 7y(j) is equal to the product over all connected components C of {^j)y^ 
of the automorphisms ac,y 

Til. [Tx,y,Tu,v\ = 1, if either 

(i) u = x"^ or 

(ii) x u, X V and y ^ u. 

^2. [r-^^ r-^] = r-^, ii x u &nd y u. 

^3. T-^T2^,c.T^-i,y = where x e X^^/ C X^^ and y e Xq^^^ C 

Xg^, i ^ j and Xq^i = {z}. (If j = 1 the right hand side of this relation 
is replaced by uj^^i^z-) 

"^4. [axi,x, axj,y] = 1, if x, j/ ^ {i,j}, i ^ j and i,j E J. 

Tlh. [axj,x, OiXi,yaxj,y] = l,iii^j and x = i. 

7^6. [r^^y, axi,z] = 1, if y 7^ / and x z. 

^7. [r-i, «^J^J = a^J^^, if J/ 7^ L 

nS. [r^^y, aXi,zTx,z] = 1, if i/ = i. 

^9. T^,yaxi,x = aXi,xT~ii J^7y(0"^ if i/ = 

7^10. Let X G -^5^, y,z E X^^, i E S U J he such that y = z = i, with 
n 1/(2;) = and [y, z] — 1. Let u E X and j E J, where i 7^ j. 
Then 

(i) ''lr,« ~ ''Ie.m^Ii 

(ii) [^x,2/, = 1; 

(iii) = and 

(iv) [Qix^,j/,ax^,^] = 1- 

7^.11. Let y E X^^ and 9 E '^TOmpU'^'int and let yi • • • be a word representing 
y9, with yi E X^\ 
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(i) Let x,z e Xg such that z — x6. Then 

for all T^^y e IVext- 

(ii) Let i,j e J and FjO = r^. li y ^ j then, with C = ^(rj) and 

ac,yO^Oa%y^---a%y^, 
for all Q;c,y e LInnext- 

The proof of this theorem is left to the appendix. 

In the case where mo = 0, that is, no component of F is an isolated vertex, 
the set TText is empty and the the relations of this presentation reduce to the 
union of the sets Uf^j^T^symm.i, ^i=iT^i, VV and V, given in (i)-(iv) of Definition 
3.30, together with TZA, 7^5, 7^10(iii), (iv) and 7^11(ii). In this case Aut(G') 
decomposes as a semi-direct product Aut(G') = (Llnuext) xi (^ramp U Pint); 
and (LlnUext) is called the Fouxe-Rabinovitch kernel and denoted FR(G) (see 
[12] for more details). The structure of Aut(G) is then given by the following 
(special case of a) theorem from [12]. 

Theorem 3.31 (c/. [12], Theorem C). Suppose that no component ofV is 
an isolated vertex. Define G — Gi x ■ ■ ■ x Gn and FR(G') = (LlnUext)- Then 
FR(G') is the kernel of the canonical map from Aut(G) to Aut((5). Moreover 
FR(G) has a normal series 

1 < Pn-l < • • • < P2 < FR(G') 

such that, setting FRi(G) = FR{G)/Pi, 

(i) FR(G') = X FR,(G'), 

(ii) ¥Ri{G) = FR(G'i * • • • * G^) and 

(Hi) all the Pi are finitely generated. 

In the light of the results of this section we may when necessary reduce 
to the study of Aut^(G') where F is a connected graph. In particular, to give 
an explicit presentation of Aut(G) it remains to determine the sets TZi of 
Definition 3.28. 
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3.5 Conjugating Automorphisms 



The subgroup of basis-conjugating automorphisms, which we consider here, 
plays an important role in the structure of Aut(G) and has a rich and complex 
structure, even in the case of free groups: see for example [31, 26, 34, 1]. 
We shall consider several subgroups of the basis-conjugating automorphisms 
Conj(G') = (Llnn(G')) which we now define. 

Let X & X and, as usual, denote by r^; the full subgraph of F generated 
by and note that if y e X hes in a connected component C of 

then y-L C CU {x}. 

Definition 3.32. Let x & X and let C he a connected component of V^. 
Then the automorphism f3c,x given by 



is called an aggregate conjugating automorphism. The subgroup of Con] (G) 
generated by all aggregate conjugating automorphisms is denoted Conjy^(G). 

Definition 3.33. An element (f) e Conj(G) is said to be a normal conju- 
gating automorphism if, for every element x & X , there exists f^EG such 
that y(j) = yf'^ , for all y G a(x). The subgroup of all normal conjugating 
automorphisms is denoted Coyi]-^{G). 

Definition 3.34. An element (j) G Conj(G') is said to he a vertex conjugating 
automorphism if, for every element x E X there exists f^EG such that ycj) = 
y^'^ , for all y E [x]. The subgroup of all vertex conjugating automorphisms is 
denoted Conjv(G)- 



Definition 3.35. An elementary conjugating automorphism ac\u, where 
u = x"^^ , for some x E X is called an elementary singular conjugating auto- 
morphism if G = {y}, for some y E X, and the set of all such elementary 
conjugating automorphisms is denoted Linns = Linns (G). The subgroup of 
Conj(G') generated by LInn5(G') is called singular and denoted Conjg(G). 



Definition 3.36. Let Tr_|_ = {r^^^yS G Tr |a; G = ±1} and Tr^ = 

{T^^.,ys G Tr ^ y-L, e,5 = ±1}. 



Definition 3.37. • If x andy are vertices of X such that x-^Hy-^ = y^\y 
then we say that x dominates y. 




If r is compressed (L = r^°"^P) then Conjv(G) = Conj(G'). 
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• The set of all vertices dominated by x is denoted Dom(x) — {u & 
X I X dominates u\. 

• The set of all dominated vertices is denoted Dom(r) = yJx&x Dom(x). 

• For fixed y E X the set of all x such that y G Dom(x) and [y] ^ [x] is 
the outer admissible set of y, denoted o\ii{y). 

From the definition and Lemma 2.5 (vii) it follows that x dominates y 
if and only if [x,y] ^ 1 and a{x) C a{y). Thus o\xt{y) = {x e a{y) : x ^ 

If ac,x £ LInn5(G) then C = {y} is a connected component of V^j. so 
y'^\y Q and y ^ x^. Therefore x dominates y and Ty^x £ Tro and 
'^c,x = Ty,xTy-'^,x- Heuce Conjg is the subgroup of Aut(G) generated by the 
set {Ty^xTy-'^,x\^ dominates y} = Llnn^. 

Definition 3.38. Let x,u E X such that x dominates u and let [v\\{x} — 
{vi, . . . , Vn}- The conjugating automorphism 

n 

Oi[u],x = Yl '^M,^ 
i=l 

is called a basic collected conjugating automorphism and the set of all basic 
collected conjugating automorphisms is denoted LInnc = Llnnc(G). The 
subgroup o/Conj(G) generated by Llnnc(G) is denoted Conj^ = ConjQ(G). 

Definition 3.39. • The set o/ regular elementary conjugating automor- 
phisms is Llnuij = LlnnK(G) = (Llnn(G) n Conjv(G))\ Llnns(G'). 

• The set of basic vertex conjugating automorphisms is LInny = 
Llnnv(G) = LlnnR(G') U LInnc (G). 

We record some straightforward properties of these definitions in the fol- 
lowing lemma. 

Lemma 3.40. Let T be a graph. 

(i) (a)IfT has an isolated vertex then Inn = Conjj^ and 
(b) ifV has no isolated vertex then Conj^ < Conjj^. 
In all cases 

Inn < CouJa < Conjy < Conj 

and 

Inn < ConJi^ < Conjy < Conj . 
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(ii) LInny C Conjv 

(in) If (/) E Conjg then x(j) = x^"^ , where ui^fx) C a.{x), for all x E X. 

Proof, (i) It is immediate from the definitions that Inn < Conj^, Inn < 
Conjj^ and Conjy < Conj. That Conj^ < Conjy follows from the fact that, 
ii x,y E X then [|/] C C U x, for some connected component C of Vj.- As 
[x] C a{x), for all x, it follows that Conjjy < Conjy. 

If X is an isolated vertex then a{x) = X, so for e Conjjv^ there exists 
fx^G such that y(f) = y^'-^, for all y E X. Hence, in this case Conjj^ = Inn. 
Assume then that F has no isolated vertex. In this case, for all x G X, 
the connected component of T containing x also contains a{x). To see that 
Conjy^ < Conjj^ suppose that u & X and consider the aggregate conjugating 
automorphism (3 — /3c, x- where x & X. li x & u^\u then vf3 = v, for all 
V G Ci{u), so assume that this is not the case. If a; G a{u) then x ^ u-^\u 
implies that a{u) C C" U {x}, for some component C of T^, so we may also 
assume that x ^ a{u). 

Now let V and w be distinct elements of a{u)and r be any element of 
u^\u. Then the path v,r,w does not contain x; so v and w are either both 
in C or both outside C. Hence (3c.x cither fixes every element of a{u), or acts 
as conjugation by x on every element of a{u). Thus all elements of Conj^ 
are normal, as required. 

(ii) This follows directly from the definitions and the fact that the sets 
[x] partition X, so that Llnn^ C Conjy. 

(iii) An induction on the length of as a word in the generators Llnn^ is 
used. If is trivial there is nothing to be proved, so assume inductively that 
the result holds for words of length at most n — 1 and that = 0o0i, where 
00 has length n — 1 as a word in Llnn^^ and 0i G Llnn^^, say 0i = Cic,z: 
for some z G X^^ and C — {y}. Then x4>o — x^"^ , where v{fx) Q ^{x), for 
all X G X. Let x G X and u G a{x)^^ . Then -u^i = u unless u = y^^. 
In the latter case y G a{x) so z E ai^y)"^^ C a(a:)^^ and u4>i = implies 
i/(m0i) C a{x). Thus we have i'{fx4>i) Q a{x). Now x4> = [xcfyiY'''^^ and since 
X01 = x^ if and only if x = y^^ it follows that v{x(f)) C o(a;), as required. □ 

We shall use the following definition of Laurence [29]. 

Definition 3.41. Let (p be a conjugating automorphism and for each x E X 
let Qx E G be such that x(f) = oxo Qx. The length |0| of (j) is Ylixex^^idx)- 

We shall prove, in Propositions 3.44 and in a subsequent paper, versions 
of Theorem 3.17 (i.e. Theorem 2.2 of [29]) appropriate to Conjy and Conjjv^ 
and to do so make use of Lemma 2.5 and Lemma 2.8 [loc. cit.) which we 
state here for reference. 
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Lemma 3.42 ([29] [Lemma 2.5 & Lemma 2.8]). Let (f) he a non-trivial element 
o/Conj and, for each x & X , let Qx & G such that x(f) — o x o g^. Then 

(i) there exist x,y & X and e G {±1} such that x^g^ is a right divisor of 
gy, and 

(a) ify,z^ X\x^ such that [y, z] = 1 and x^g^ is a right divisor of gy then 
x^gx is a right divisor of g^- 

(As can be seen from the example = a^^^ the variable e taking values 
±1 is a necessary part of this lemma.) 

Lemma 3.43. Let 4> G Conjy and for each y & X let gy & G be such that 
y(p^ 9y^°y°9y 

(i) If [y\ = [y]± then gu^Qy, for all ue[y\. 

(a) If [y] = [y]^ and \ [y]\ > 2 then there exists v e [y] and my e Z such 
that gu — f"*^ o gv, for all u e [y]\{'J^}- Moreover if rUy ^ then v is 

the unique element of[y] with this property and, settings = —my/\my\, 
S = [y]\{v} and a = YYues'^iu},'"^ '^^ have a e Llnn^^ and |q!0| < |0|. 

Proof. Since (f) e Conjy, for all y e X, there exists fy & G such that u(f) — u^^, 
for all u E [y], and we may choose an fy of minimal length with this property. 
Fix y E X. Then iz/f = u(j) = -u^" so gufy^ G Cg{u), for all u E [y]. Therefore 
there are a,b,c E G such that gu = aob, fy = cob and gufy^ = aoc^^ E Cg{u). 
As gu has no left divisor in Cg{u) this means that a — 1 and so fy — CuO gu, 
for c = Cu E Cg{u). If [y] = [y]_L then Cg{u) — Cciy), for all u E [y], so in 
this case gy = fy = gu, for ah u E [y]. 

Assume then that [y] = [y]^, with \[y]\ > 2, and let u,v E [y], v u, 
so [u,v] 7^ 1. Suppose v E i^{fy)- Then fy = CyOg^ = c'^ov'^o g^, where 
E G{v-^\v) and m e Z. Then u^^ — u"""^", since v-^\v — u-^\u. As g^ has 
no left divisor in Cg{v) and [v, m] 7^ 1 we have u'""'^" = g^^ o w""* ouov'^ o g^, 
so gu = v'^°gv By choice of fy we have = 1, and if m 7^ then no element 
u E [y], u ^ V, can be a left divisor of o g^, so the first statement of (ii) as 
well as the uniqueness of v follow. Moreover v dominates u, for all u E [y], 
so the final statement of (ii) also holds. □ 

Proposition 3.44. Conjy is generated by LInny = Llnn^^ U LInnc and 
Conjy nConjg = Conj^. 

Proof. That (Llnny) < Conjy is Lemma 3.40 (ii). For the opposite inclusion 
we use induction on the length of an automorphism in Conjy. If |0| = 
then (f) — 1 and there is nothing to prove. Assume that |0| > 1 and that, 
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for all conjugating automorphisms ijj of shorter length, ijj e Conjy implies 
ijj e (Llnny). If there exists y E X such that, [y] = [y](^, \[y]\ > 2 and, 
in the notation of Lemma 3.43, rriy ^ 0, then it follows from that lemma 
and induction that G (Llnny), as claimed. Hence we assume that either 
[y] = [y]± or rUy = 0, and so Qy = Qu, for all u G [y] and for all y E X. From 
Lemma 3.42 (i) there exist x,y E X, e E {±1} such that x0 = o x o g^, 
ycf) — o y o Qy and x^g^ is a right divisor of gy. Suppose that = 1. 
Then [a;0, ycj)] = 1; that is y^f] = L If gy = a o x'^ o g^^ for some a E G, 
then this implies that [x, y""^^] = 1, from which it follows that [x,a] = 1. 
However, in this case y^^ is not reduced, a contradiction. Therefore y ^ x-^, 
and so u ^ x-^, for all u E [y]. 

Let [y] — {vi, . . . , Vr} and let Ci, . . . , be the components of T,j.± con- 
taining Vi, . . . ,Vr. Then, from Lemma 3.42 (ii), x^gx is a right divisor of gc 
for all c G Ci U ■ ■ ■ U Cs- Let a = Y[i=i (^c\,x-^- Then |q;0| < \(f)\. We claim 
that a G Conjy. Suppose not, so there is some z E X and elements u,v E [z] 
such that u E Ci, for some i, but ^ ^i=iCi U {x"*"}. This imphes that 
u^\u = v-^\v C x"*- and, as m G Cj implies x ^ u^, so x dominates u. Then 
Ci = {u} so u E [y] and [2;] = [y] C Uf^^Ci, a contradiction. Thus no such z 
exists and a E Conjy. 

If s = 1 and |Ci| > 2 then a E Llnn^^. If s = 1 and |Ci| = 1 then x 
dominates y and a E Llnn^^. If s > 1 then x-^ D y^Xu and x dominates 
every element of [y]. In this case a E Llnn^^ again. Hence by induction 
(f) E (LlnuR U LInnc). 

Suppose then that (f) E Conjy flConjg. The first paragraph of the argu- 
ment above goes through with LInn(7 in place of Llnny and Conjy fl Conjg in 
place of Conjy. In the second paragraph, from Lemma 3.40 (iii) it now fol- 
lows that a(a:) C a{y) — CL{vi); so x dominates Vi, for i = 1, . . . , r. Therefore 
a E Llnn^^ C Conjg and, by induction on \(f)\ again, (f) E (LInnc) = Conj,-., 
as claimed. □ 

To describe the structure of Conjy^(G) it is convenient to work with outer 
automorphisms. Denote the group Aut(G')/ Inn(G') of outer automorphisms 
by Out(G) as usual and given a subgroup B of Aut(G) let B denote the 
group SInn(G)/Inn(G). We write ^ for the image of /3 G Aut(G) in Out(G) 
and for the inner automorphism of G mapping g to g^, for all G G. 

Proposition 3.45. Let G = G{r), where T is a connected graph. Then 
ConjA(G) is torsion-free andConi^{G) is free Abelian and a normal subgroup 
o/Aut*(G). Moreover, if c{x) is the number of connected components ofV^, 
for all X E X, then the ConjA(G') has rank Ylixexi^i-"^) ~ -'-)• 
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Proof. First we show that ConjA(G') is a free Abehan group. Let x & X and 

suppose that Fj. has connected components Ci, . . . , C^. liy & X,y ^ x, then 
there is some i such that t/"*" C Cj U {x}. Assume that F^^ has components 
Dg. We claim that there is a j such that 

(i) Dj 2 Cfe U {x}, for all /c 7^ i, and 

(ii) D L>fe U {y}, for all k ^ j. 

To see this choose j such that x G L'j, so x"*" C U {|/}. Let u G C'fc, 
k ^ i. Then there exists a path in F from it to x and, as y & Ci, this path 
may be chosen so that none of its vertices is y. Hence u and x belong to 
the same component of F^. Thus, if Dj is the component of F^ containing x 
then Dj D Ck U for all k ^ i. This shows that the first statement of the 
claim holds and the second follows by symmetry. 

The subgroup Conj^(G') is generated by the images Pc,x in Out(G) of 
aggregate conjugating automorphisms f3c,x, where x ranges over X and C 
ranges over the connected components of F^;. Let /3c\x and I3r)^y be generators 
of Conj^(G). If X = y then these two generators commute, so we assume 
X ^ y and that components Q and Dj of Fa, and Vy, respectively, have been 
chosen as in the claim above; so x G Dj and y & Ci. II C — Ci then let 
A = Ix-^Pcx, so ^c,x = h and = Uckj^c l^clx ^ Conij^{G). Otherwise 
let /?! = f3c\x- In either case u/Si = u, for all u G Cj. Similarly we may choose 
a representative of jS^^y such that m/32 = u, for all u G Dj. Then, from (i) 
and (ii) above, it follows that (3i(32 = /32/9i and so /3c,xPD,y = PD,yPc,x-i and 
Con]p^{G) is Abehan as claimed. 

Now, for i = L . . . , r, let pi = pCi,x e ConjA(G). As IlLi A = 1, given 
any element G Conij^(G) we may write (f) = 7o7i, where 70 = 111=1 
some rrii G Z, and 71 is a product of generators /3d,j/j with y ^ x. Let y G Cj, 
where 1 < i < r — L Then 1/70 = i/"^""* and yyi = y^, for some h & G such 
that X ^ z/(/i). Also X7i = x^, for some g E G such that x ^ Then 

^7071 = (/)(^'"^)^ 

If w is a geodesic word representing h{x^'-y then the exponent sum \w\x of 
X in w equals mj; so |/7o7i = o y o v, where = mj. For z & Cr 
we have 2:7071 = -271 = o z o u, for some u G G such that l^l^: = 0. If 
(f) — 1 then 7o7i G Inn(G) and so it must be that rrii = ■ • • — rrir-i = 0. 
It follows by induction, on the minimal number of generators appearing in a 
word representing 0, that Conj^(G') is free Abelian of rank ~ I)' 

as claimed. 

To see that Conj^(G) is torsion free it suffices to note that Inn(G) is 
torsion free; since Inn(G) = G/Z{G), which is a partially commutative group. 
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Figure 3.1: CoYi]p^{G) is non-Abelian 

In fact G/Z[G) = G{Tz), where Z is the subset of X consisting of vertices 
connected to all vertices of F and Tz is the full subgraph of F on X\Z. 
As both Inn(G) and ConjA(G) = ConjA(G')/Inn(G') are torsion-free, so is 
ConjA(G'). 

To show that Conj^(G') is normal in Aut*(G') wc shall show that if I3c\x is 
an arbitrary generator of Conj^(G) and is a generator of Aut*(G), which 
is not in Conjj^{G), then (l)~^Pc,x4> ^ ConjA(G'). We consider the cases where 
(p is the image in Aut*(G') of an inversion and a transposition separately. 

Let (f) — Iz] an inversion. Straightforward checking shows that 

(a) if X — z then iJ^Pcxt'z — Pc\ ^^<i 

(b) if a; 7^ ^ then i~^l3c,xi^z = Pc,x- 

Hence the result holds in this case. 

Next suppose that = f^^^, where v = y or y~^. U y = x then we 
have x-^\x C which implies that F^. is connected and so Pcx is an inner 
automorphism; as are all its conjugates. Thus we assume that y ^ x^^ and 
Fj. is not connected. Let C\ be the component of F^. containing y. Then 
y^\y ^ -2"*" and I/"*" C Ci U {x}. If 2; G C2, for some component C2 of Vx 
with C2 ^ Ci then C C2 U {a;} so y^\y C (Ci U {x}) n (C2 U {a;}) = 
{x}; in which case y^ — {x^y\ and x G z^ . These conditions imply that 
^v,zPc,xTv,z = (3c,x, SO we may now assume that z E Ci. Assume in addition 
that the connected components of Fx are Ci, . . . , C^. If C = Cj, where i ^ 1 
then (f)'^pc,x(p = Pc,x- If C = Ci then set /3i = ni=2 ^clx^ ^o Pc,x = Pi and 
(f)~^Pi(f) — /3i. Thus (t)''^Pc,x<t> — Pi — Pc,x, and the result follows. □ 

The previous proposition can not be extended to disconnected graphs or 
to Conj(G') / Inn(G), in place of ConipJ^G) / Inn(G'), as the following examples 
show. 

Example 3.46. In the graph F of Figure 3.1, let G be the component of 
Vx containing a and let D be the component of Fj^ containing a. Then 
ConjA contains I3c,x and Po^y a nd a[l3c ,x, PdJ = a^'''^\ while b[/3c,x, l3D,y] = b. 
Therefore \Pc,x,PD,y] ^ Inn, so Conj^ is non-Abelian. 
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Figure 3.2: Conj (G)/ Inn(G) is non-Abelian 



Example 3.47. Let T be the graph of Figure 3.2. Then has a component 
C = {c, d, e, y} and F^x has a component D = {a, b, c, x}. Let a = ac,x and 
P — (XD,y The images of c and g under [a, 13] are c'^'^l and g, respectively. 
Therefore a/3 ^ j3a modulo Inn(G'). In this example Inn(G) = Con]p^{G), so 
in general Conj(G)/ Con] j^{G) is also non-Abehan. 
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4 The stabilisers St(/C) and St'°^j(/C). 



Definition 4.1. Define 

St(/C) = {(/>£ Aut(G) 1^(^)0 = G'(F), /or all Y e /C}. 

Then, from Lemma 2.5 (x) it follows that d) G St(/C) if and only if 
G{a{x))(j) = G{a{x)), for all x & X. Also, from Remark 3.22 the subgroup of 
Aut*(G') generated by Inv and Tr is contained in St(/C). 

Definition 4.2. Define 

St'=°°j(/C) = {0 e Aut(G')|G'(y)'^ = G'(y)^^, for some fy e G, for all Y e /C}. 

We shall make use of the following fact in the proof of the next proposi- 
tion. 

Lemma 4.3. Let H and K he canonical parabolic subgroups of G and let 
e e Aut(G') be such that HO = and KO = K^, for some f,g eG. Then 
there exists he H such that {H n K)9 = {H n K)^ . 

Proof. First suppose that / = 1 and that g has no left divisor in K. In this 
case it follows from [17, Corollary 2.4], that ii u e K then there exist words 
a, b (dependent on u) such that g — a o b and — b~^ o u o b. Thus, if 
w e HnK^, then for some u e K,we have w — — b^^ouob. This implies 
that u e H n K, so w = e {H n Ky. That is, H f] C {H D K^. 

Now {H n K)e C H n C {H n Xy. Moreover, from the hypothesis 
on H, K and 9, we have HQ-^ = H and KQ-^ = K^, where h = {gQ-^)-^. 
Applying the previous argument gives {H fl K)6^^ ^ {H ^ K)^, so H (iK C. 
{H n K)e^^, from which we obtain {H D C {H D K)e. 

In the general case let 7/-1 denote conjugation by f~^ and let = 6'yf-i. 
Then H(f) = H and Kcj) = K^^ \ Let gf^^ have minimal form gf~^ = aob, 
where a E K and b has no left divisor in K. Then K(f) = K^, so from the 
first case above {H n K)(j) = {H n K f. Hence {H n K)e = {H n K f^, as 
required. □ 

Theorem 4.4. St''°''j(/C) = Aut*(G) and the group Aut(G) can be decom- 
posed into the internal semi-direct product o/St'^°"-' (/C) and the finite subgroup 
Aut,^„^p(G'); 

Aut(G) = St--J(/C)xAut,^„^p(G). 

Proof. That Aut(G') = St"°''j(/C) x Aut^„^p(G') follows immediately from 
Proposition 3.23 once the first statement has been proved. Prom Lemma 



38 



4.3 and the definition of admissible sets, e St^°'^-'(/C) if and only if 

G{a{x))(l) = G{a{x))-f"' , for some f^. e G, for all x e X. It follows then 
from Proposition 3.21 that Aut*(G') C St"°"j(/C). 

For the reverse inclusion note that from Proposition 3.23 every element 
(j) of Aut can be expressed as = a/3, with a G Aut* and f3 G AutJ!Qj^p(G). 
If G St"°'^j(/C) then, since Aut*(G') C St"°'^j(/C) we have 0;-^ e St"°"j(/C) n 
Aut^ojj,p(G). However, from the definitions of St'^°"-'(/C) and Aut^ojj,p(G') this 
means that a~^(f) — P — l,so(f) — aE Aut*(G'), as required. □ 

Theorem 4.5. Conjj^(G') is a normal subgroup ofSt'^°"^^{JC). 

Proof. In the light of Lemma 3.40 we may assume that F has no isolated 
vertex. Let G ConjN(G) and t/j G St^°°-'(/C). Let x e X and let and 

be elements of G such that uc/) = u^'', for all u G a{x), and G{a{x))^lJ''^ — 
G ( a (x) For each u G a{x) let w„ be the minimal form of an element 
of G such that ■U7^*"= = uip^'^, so z/(-u;„) C a{x) and Wuip = u^'-" . Then 
uip~^(l)ip = u^"^, where fx = {h~^ gx{hx4>))ip , so f^ is dependent only on x and 
e ConjN(G). □ 

Lemma 4.6. St(/C) n Conj(G) = ConjslG). 

("m; St(/C) n Conjv(G) = Conjc(G'). 

(in) If (f) G Aut(G') then G Conjg(G) if and only if xcj) — x^" where 
v{fx) Q for all X e X. 

Proof. If q; G LInng then G{a{x))a = G{a{x)), for all x E X, so Conjg C 
St(/C) n Conj(G). For the converse use induction on |0|, where G St(/C) fl 
Conj(G). If 101 = then = 1 and so belongs to Conjg. Assume then that 
|0| > 0. In this case, from Lemma 3.42 (i), there exist Ui,U2 G X such that 
Ui4> = uf% reduced as written, for some wi,W2 G G, and uiWi is a right 
divisor of W2. It follows, as in the proof of Proposition 3.44, that Ui ^ w^. 
As G St(/C) we have W2 G G{a{u2)) so UiWi G G(a(w2))- In particular 
Ui G 0(^2) 

so 'U^\'U2 ^ "^i"- Therefore t„2,mi ^ 'T^<^ and /3 — ''"m2,mi^m^^ mi ^ 
Conjg C St(/C) n Conj(G'). Therefore /30 G St(/C) n Conj(G') and |/30| < |0| 
so, by induction, /30 G Conjg(G). This gives G Conjg(G), as required. 
From this and Lemma 3.40 (iii) the last statement of the lemma follows 
immediately. 

That St(/C)nConjv(G') = ConjQ(G) follows immediately from Proposition 
3.44 □ 

The following question now arises naturally. 

Question 4.7. Let F be a connected graph. Is St'^°''j(/C) = St(/C) Conj^lG) ? 
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Figure 4.1: Example 4.8 



It seems on first sight very plausible that the answer is "yes", but, as the 
subsequent example shows, it turns out to be "no" and in fact, in general 
St(/C) Conj(G') C St'=°"j(/C). 

Example 4.8. Take G to be the group G{T) where F is the graph of Figure 
4.1. Denote the components of F„± by C = {a,r, s} and D — {b,t}, let 
a = ac,v, r = T^,aTv,bTv,a-^, and set = ar. 

{z, \i z — b, c, t 
z''^'' if ^ e C 

The answer to question 4.7 above is "no" in this example, as cannot 

be written as 7^, where 8 G Conj and 7 G St{IC), as we shall demonstrate. 
Suppose then that = 7^, where 6 G Conj and 7 G St(lC). The set /C 
consists of a(f) = {a,b,c,v}, a{s) = {a,r,s}, o(t) = {b,c,t} and four more 
sets a{z) = {z}, where z — a,b,c and r. As 7 maps the subgroup generated 
by a(a) = {a} to itself we have 07 = a^^. As aS — a^, for some g E G, 
it must be that 07 — a. Similarly b^ = b, = c and rj = r. Combined 
with the expression for above we obtain aS = a^^", b6 = b and cd = c. 
As c5 = c, we have Cg(c)5 = Cg(c5) = Cg(c), so (^(c-^)^ = G{c-^): that is 
(^(a, 6, c,v)6 = G{a, b, c, v). Moreover, as 5 acts on generators by conjugation, 
S must map G{a,b,v) to itself; so v5 — v^, for some g G G{a,b,v), and 5 
restricts to an automorphism of G{a,b,v). Applying Lemma 3.42 to the 
restriction of 6 to G{a,b,v) we see that either 6^ or a'^vb"' is a right divisor 
of gf, or that vg is a right divisor of vb"-, in which case g = b"". In the latter 
case consider the automorphism a^'^-i^. This maps a to a^", b to itself, c 
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to itself and v to v^" . Restricting to G{a, h, v) again gives a contradiction to 
Lemma 3.42. Thus we may assume that either d^vh"" or V is a right divisor 
of g. Suppose that m is maximal such that a^^^vh"- is a right divisor of g\ say 
g = Qo ° a""-vb"'. If m > 1 then Sq = a~]^eS maps a to a^^", fixes b and c and 
maps V to v^"'"^° . As this contradicts Lemma 3.42 we have m = 0. Similarly, 
if is a right divisor of g then we obtain a contradiction. Hence no such 
conjugating automorphism S exists. 

It is also possible to show that ra ^ Conj(G') St(/C). Moreover the exam- 
ple shows that replacing St'^™^-^(/C), St(/C) and Conji^(G') with their canonical 
images in Out(G) the equality of Question 4.7 still fails. 

If there are no dominated vertices in F, that is Dom(r) — 0, then following 
holds. Here 

St(>C) = Aut{G)\G{Y)(f) = G{Y), for all Y e £}, 

a subgroup of Aut(G) defined originally in [19], where it was shown to be an 
arithmetic group. 

Lemma 4.9. Let T be a graph such that Dom(r) = 0. Then 

(i) Conj(G') n St(/C) = Conjg(G') = {1} and Conj(G) = Conjv(G) = 
Conjj^(G') is normal in Sf^""^-^ (/C) and 

(ii) St(£) = St(/C). 

Proof, (i) In this case Conjc(G') = Conjg(G') = {1} so Conjy n St(A:) = 1. 
To see that Conji>} = Conj, note first that, from Lemma 2.5 (iii), it follows 
that a{x) = cl{x), for all x E X. Let x,y E X and let C be a component 
of Ty±. If a{x) n C 7^ then, from Lemma 3.20, either o(x) C C U y-^ or 
y e a{x). li y E a{x) = cl{x) then cl(a;) C j/-*-; so either a{x) fl C = or 
ecu y^. Therefore, either uac,y — u^, for all u e a(x), or uac,y — u, 
for all u G a(x); and it follows that Conji>} = Conj. 

(ii) From [18, Lemma 2.4] it follows that if F G £ then Y = UyeYc\{y). 
Therefore, for all (p G Aut(G), (p G St(£) if and only if and G{cl{y))(j) = 
G{c[{y)), for all y E Y. Given that a(a;) = cl(a;), for all x E X, the result 
follows from the remark following the definition of St(/C) above. □ 

Theorem 4.10. The following are equivalent. 

(i) Dom(F) = 0. 

(ii) St"°"j(/C) = ConjN(G') X St(£). 

(m) St^°°j(/C) = Conj(G) St(£). 
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(iv) St"°°j(/C) = Conj(G) X St(/C). 

Proof. In view of Lemma 4.9 it suffices to show that each of the last three 
statements imphes the first. To see that the second or third statement im- 
phes the first, suppose St'^°°''(/C) decomposes as the given internal semi-direct 
product. If y G Dom(a;), for some x,y E X, then r = Ty^x G St'^°"-'(/C), so 
r = aX, for some a e Conj and A e St(>C). Then, for z G X\y we have 
z — ZT — zaX — z^X — zX^^, for some g E G. As zX E G{c\{z)) it follows 
that zX — zow, for some w G G(cl(2;)), so {zwY^ — z, from which, counting 
exponents of letters, we infer that w — 1. Hence gX G G{z^), so g E G{z-^), 
which implies that za = z, and consequently zX = z. Now ya = y^ and 
za = zX = z, for some h E G and all z E X\y. As A G St(£) we have 
yX E G{cl{y)) and, since zX — z for all z ^ y, we have yX — y^w, for some 
w E G(cl(y)), e — ±1. However this means that yx — yr — yaX — (y^w)^^ 
and, as X ^ y-^. the exponent sum of x on the left hand side of this expression 
is zero, while on the right it is one. Hence no such x, y exist and Dom(r) = 0. 

To see that the fourth statement implies the first: from the fourth state- 
ment it follows that Conj(G) n St(/C) = {1}, so LInn5 = and this imphes 
that Dom(r) =0. □ 



4.1 Balanced graphs 

Although Dom(r) = is a necessary condition for the intersection of 
Conj(G) and St(AI) to be trivial, the class of graphs for which St'^°°-'(/C) = 
Conj(G) St(/C) is much wider than those without dominated vertices: it can, 
as we shall show, be characterised using the following definition. 

Definition 4.11. A graph T is called balanced if the following condition 
holds for all v E Dom(r). Either 

1. out(v) = 0; or 

2. there exists a connected component C„ ofr^± such that out{v) C C„. 

In this section we shall use the following extensions of the terminology 
for transvections and conjugating automorphisms. 

Definition 4.12. IfTx^y^ is a transvection, for x, yi E X^^ , and w — y\ - ■ - yn 

is a geodesic word in G then f^^w = T^^y,^ ■ ■ ■ Tx,yi is called a composite 
transvection and the set of all composite transvections is denoted Tr — Tr(G). 

Definition 4.13. * If L consists of a union L — U^^^ of connected com- 
ponents Ci ofVxi- then aL,x^ = TYi=i^Ci,x^ is called an extended ele- 
mentary conjugating automorphism. The set of all extended elementary 
conjugating automorphisms is denoted Llnn^^^ = lAmiwiG). 
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• Lety e X"^^ andaL,y £ lAmiw{G). Ifa{y)r\L — then aL,y is called a 
tame elementary conjugating automorphism of G. The set of all tame 
elementary conjugating automorphisms is denoted Llnnr(G). 

Lemma 4.14. Let x and y he elements of X such that x dominates y and 
let C he a component of Vyi. . 

(i) If X ^ C then C is a component ofT^x. 

(a) If X E C and the components ofr^± which meet C are Ci, . . . , then 
C = [{CiU---UCr)yJx^]\y^. 

Proof. (i) If C = {-u}, for some -u G X, then y dominates u so u-^\u C y^. 
In this case, if a; G then x = u, since x ^ y-^, but this contradicts x ^ C. 
Thus X ^ and u-^Hx-^ = y-^ Hu-^ Hx-^ = u^\u; so x also dominates u and 
C is a component of r^± . If C contains two elements u and v then there is 
a path p from m to w which does not meet y^. If m and v belong to different 
components of r^± then p meets x-^, and as x ^ y^ this means that ,t G C, a 
contradiction. Hence C C C', for some component C of F^x. As y^\y C x-'-, 
every component of Fj-x containing at least 2 elements is contained in some 
component of Fy±, so C — C 

(ii) Suppose that u & Ci, for some i G {1, . . . , r}. Either u belongs to y^ 
or to some component of Ty±. However y^Xy C x-^ and u ^ x^, so u ^ V^Xv- 
As {y} is a connected component of Fj.±, which does not meet any component 
of Ty±, the vertex u ^ y. Hence u belongs to some component C of Fj^x. 
II x ^ C then, from (i), C = Ci, in which case C — C and x G C", a 
contradiction. Hence x E C and C = C"; so Q C C, for all i. By definition 
C C Ul^^Ci U X"*-, and the result follows. □ 

Lemma 4.15. Let y E X , v,x E X"^^, a — a^^y G Llnn^^ and r — t^^^ G Tr. 

(i) If either v E L and x E LUy-^ or v ^ L, v ^ y'^^ and x ^ L then 

ar — Ta. 

(ii) If V E L and x ^ LUy^ then v G Dom(y) and 
(Hi) If V ^ L, V ^ y^^ and x E L then v G Dom(y) and 

ClT = Ty^yTTy^yOi. 
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(iv) If y — v"^^ and x ^ L then L is a union of connected components of 
r^x and, setting (3 — OiL,x, 



ar — 



rPa, ifv = y 
ifv^y-^ 



Proof, (i) li V E L and x e LUy then 

{z, if z ^ L 

(vxy, if z = V . (4.1) 

zy, if zeL and zy^ v^^ 

If V ^ L, V ^ and x ^ L then 

z, if z ^ L, z v^-^ 
zar — zra = ^ vx, if z = v . (4.2) 

zy, if zeL 

(a) In this case [x,v] 1, ets v & L and x ^ y^; so x E out(v). As v E L 
and X ^ L U y-^, all paths from v to x must intersect y-^, so v-^\v C y-*-; 
and V ^ y-^, so v E Dom(y). Then zar is as given in (4.1), and is equal to 
ZTv^yTT~ya, for all 2; e X. 

(iii) if y & then, as v y"^^, x & y^, a. contradiction. Thus, as in the 
previous case, y dominates v. Then zar is as given in (4.2), and is equal to 
ZT~yTTv^ya, for all 2; G X. 

(iv) In this case y is dominated by x so, from Lemma 4.14, L is a union 
of connected components of r^±. Suppose v = y^, where £ = ±1. Then 

z, if z ^ L,z ^ v^^ 

zar = { vx, if z = V 
^{vxY ^ if^eL 

and this is equal to 2r(/3Q;'^)^, for all z & X. □ 

Corollary 4.16. Let y E X and v e X"^^, v ^ y^^. Let a — aL,y £ Llnn^ 
and let fy^a £ Tr. Then 

for some fy^b G Tr. 

Proof. Let a = oi • • • a„, where a, e X"^^, be a geodesic word representing a. 
Then f^^a = ry^a„ ■ ■■rv,ai- As v 7^ y^^, ar^^a, = Tv,y'^v,aJv%(^, with = or 
±1, for all i. The corollary follows on setting b equal to the word obtained 
by freely reducing HiLi^^'^*^^'- '-' 
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CoroUeiry 4.17. Let v E X , a — aL,v £ LInnr and let r = f^^a £ Tr- Then 

ar — T/3, 

for some (3 e (LlniiT) . 

Proof. Let a = ai • • • a„, where aj G X'^'^, be a geodesic word representing a. 
By definition of Tr we have a, G (ci(t')\{t'})^S for all i. Hence, by definition 
of Llnny, Qi ^ L, for all i. Thus 

Since v ^ af^, v ^ L and aj ^ L, also 

when i ^ j. Therefore 

^v,an ' ' ' ^v,ai^L,an ' ' ' ^L,ai^ 
= ™L,a„ • • ■OlL,aiOl- 

As a G Llnnj^, we have a(t') n L = and, as r^, q- G Tr, we have a(ai) C a{v) 
so o(aj) n L = 0. Hence O-L^ai ^ Llnn^; and the result follows. □ 

Proposition 4.18. Let V he a connected graph. Then (TrULInnr) = 
(Tr)(LInnT). 

Proof. It suffices to prove the proposition holds with Tr in place of Tr. First 

suppose that -u is a word on the generators Llnny and their inverses and that 
r G Tr. It follows by a straightforward induction on \u\ and Corollary 4.17 
that UT = Tu' in St^"'^-' (AT) , for some word u' over Llnn^^. 

Now let w be a word in the generators of (Tr U Llnny) and their inverses. 
If 1^1 < 1 then w G (Tr)(LInnT). Assume inductively that for some A; > 1 
all words w of length at most k can be expressed as elements of (Tr) (Llnnj^) . 

Let u) be a word of length k+1 (in the given generators). Then w = Wq^, 
for some word Wq of length k and generator ^ G (Tr ULInnr)^^. By induction 
there exists words Wi G (Tr) and W2 G (Llnn-r) such that Wq — W1W2, in 

St'=°"j(/C). If C G Llnn^^ the proof is complete. Otherwise ^ G Tr^^ and, 
from the first part of the proof we may rewrite to a word ^'w2, with 
^' G fr^^ and G (Llnnr), such that = in St"°"j(/C). Then 
w — Wi$,'w2 G (Tr)(LInnT), as required. □ 
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Theorem 4.19. Let F be a connected graph and G — G{V). Then 
St^°'^-'(/C) = St(/C) Conj(G) if and only if V is a balanced graph. 

Proof. First suppose that F is a balanced graph. Let l — iy E Inv, let 
0(L,x £ Linn and r = t^^x £ Tr, where y & X and x,v & X"^^. Then aL — La 
unless y — x^^, in which case m = La~^. Also tl — lt, unless y = x"^^, in 
which case tl = lt~^, or v = y^^, in which case tl = lt^-i^^. It therefore 
suffices to show that elements of (TrULInn) belong to St(/C) Conj(G). 

First we show that, as F is balanced, (TrULInn) is generated by 
TrUlnnULInnT- To see this suppose that y e Dom(F), out{y) ^ and 
Cy is the component of Vy^ meeting out(y). Let L = X\{CyUy-^ U [y]), so L 
is a union of connected components of Ty± and ai^y € Llnn^-. Let Dy = [y]\y 
and note that, since y e Dom(r), we have [y]\y = [y]\y'^ so Dy is a union 
of connected components of F^^x. li Dy = define Py = 1 and otherwise 
define /Sy = oiDy,y Then aCy,y^yOiL,y = 7y e Inn(G), so the generators acy,y 
of this form are contained in the subgroup generated by Inn, Llnn^ and the 
set {Py e Llnn^y : y e Dom(F), out(|/) ^ 0}. 

Now suppose that y G Dom(F) and [y] ^ {y}. Then for all v E [y], v ^ y, 
we have a^^y = T^-i^yT^^y, so /3y = aDy,y = Yly^Oy 'Tv-\y'rv,y Thus aU genera- 
tors I3y are contained in the subgroup generated by Tr. It follows that every 
word on generators Tr ULInn and their inverses may be replaced by a word on 
Tr U Inn U LIuut- and their inverses. Thus (Tr ULlnn) = (Tr U Inn U Llnn^) . 
As (Inn) is normal in Aut(G') it suffices to show that elements of (Tr U Llnn^^) 
belong to St(/C) Conj(G'): and this follows from Proposition 4.18. 

For the converse suppose that F is not a balanced graph. We shall show 
that the obstruction of Example 4.8 is also manifested in St'^"'^-' (/C) . Indeed 
the argument is a generalised version of that example. If F is not balanced 
then there exists a vertex v G Dom(F) such that out(f) 7^ and there is 
no component C of F^x such that out(t') C C . Let v be such a vertex and 
let a,b E out(v) such that a and b are in different components C and B, 
respectively, of F^x . 

Suppose that ao G out(f) and oq <k o- Then <k implies that 
a-^\a C and a G out(f) implies that there exists u G a-^\a such that 
u ^ v-^. Thus Oo G M"*", so Gq G C. We may therefore assume that a is JC- 
minimal among elements of out(v). Similarly we may assume b is /C-minimal 
among elements of out(i'). 

Define = ac,v'Tv,a'T'v,b so 





ii z — V 
ifzeC 
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Assume that there exist 7 e St(/C) and 5 e Conj such that = ^S. 

Note that Z{G{a{v))) is generated by a{v)r\{v-^\v) (which may be empty). 
Let c G a(f )n(f-'"\f ). Then a(c) C a(f )n(f-'"\f ) and so if z G o(c) there exists 
Wz G G'(a(c)) such that z'j = Wz- As Z(G(a(t'))) is Abchan so is G{a{c)) and 
so Wz is cyclically reduced. From Lemma 2.1, there exists g & G such that 
z5 — z^, for all z G a(c). Hence, if 2; G a(c) then z — zcj) — z^5 — WzS — w^, 
with Wz G (7(0(0)), so = 1 and Wz — z. Therefore z'y — z5 — z, for all 
z G Z{G{a{v))). 

As a is /C-minimal among elements of out(f) we have a(a)\[a] C a(w) fl 
{v^\v). As6 e St'=°°j(/C), there exists geG such that G'(a(a))(5 = G{a{a)y 
and we may assume that g has no left divisor in G{a{a)) or G{a{a)-^). Let 
2; G [«]. so zd = z'"^"'. We have z^ G G(a(a)) and so z^j5 = -uf, for some 
Uz G G(a(a)). Therefore -uf = 2;'"''" and so z"^"-^ G 6^(0(0)). As neither v nor 
6 commute with a or z it follows that g = gio vba, and then z^^ G G'(a(a)). 
This holds for all z E [a], and for any u G o(a)\[a] we have u6 = u, from the 
paragraph above, so [u, g] = 1. Since g has no left divisor in G{a{a) U a{a)-^), 
[20, Corollary 2.5] implies that gi — 1 and g — vba. Now z6 — 2;^^, for some 
gz G G, so we have 2;^^ = wf"^, for some G G{a{a)). Again z = w'f"-^''' , 
so 2; G a{wz) and v,b ^ Ci{a), so gz = hz o vba, for some /i^ G G(a(a)), and 
Wz = 2;''"=. As elements of o(a)\[a] belong to the centre of G{a{a)), moreover 
hz G G[a]. Therefore, for all z E [a], z6 = z'^'^'"^"', for some hz G G[a]. 

Similarly, we have a(6)\[&] C a{v) fl (f"'"\f) and there exists g E G such 
that G{a{b))S = G{a{b)y and g has no left divisor in G{a{b)) or G{a{b)^). 
Let z G [&], so 2:0 = z. We have 2:7 G G'(a(6)) and so 2:7^ = u^, for some 

G ^(0(6)). Therefore Mf = z and 2;^ G G'(a(6)). Thus [z,g] = 1, which 
implies [[b],g] = 1. For any u G a(6)\[6] we have u6 = u, so [u,g] = 1 and 
therefore g — I. Now 2;5 = 2;^'', for some gz G G, so we have z^'' — Wz, for 
some Wz G G{a{b)). Thus G G'(a(6)), and as elements of a(6)\[6] belong to 
the centre of G{a{b)), moreover gz G G\b]. Therefore, for all z G [6], z5 — z^% 
for some gz G G[b]. 

Now let z G Then z G CG(a,6) so ^5 G 6*^(0'''^'''"^) = CG(a'''')'''"^ C 

Caiay^'' = G'(a^)^''" and z5 G Cg(6^'') C Cg(6) = G{b^). If w G ^(6^) and 
w = M*'^", where -u G G{a-^), then a ^ b-^ implies a ^ t/(w) so a, and therefore 
also b and f, cancel in reducing -u^^" to w. Neither b nor f belong to ^{u), 
hence [u,b] = [u.v] = 1 and u G G{v-^\v). Thus -u^^" = u. It follows that 
G(a^)^^" n ^(6^) = G(f ^V) and so z6 G G(t;^\t;), for all z G 

As G{v-^\v)S = G{v-^\v), for all z G a(i;), we have z5 G G(a(t')), so 
z^ — 2;^^, for some gz G G(a(i')). Now 5 satisfies the following (with w — vb) 

1. z5 = z, for all z G a{v) fl 
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2. z5 = z^^, with e G[h\, for all ze[h\. 



3. 2:5 = ^r'^^'^", with w = vb or b and /i^ G G[a\, for all 2; G [a]. 

4. 2:5 = 2;^^, with Qz e G(a('i;)), for all z e a('i;). 

Let us call an element of Conj v -unlikely if it satisfies all of these four prop- 
erties. Amongst all v-unlikely basis conjugating automorphisms choose one, 
which we shall now also call S, of minimal length. As usual, for each x & X 
let Qx & G he such that x6 = x^^ . 

From condition 4, a{v)6 C G{a{vj) and by direct calculation a{v)(j)~^ C 
G{a{v)). As 7 e St(/C) this implies a(i))0"^7 = a{v)5~^ C G{a{v)). Hence 5 
restricts to an automorphism of G{a{v)) and, applying Lemma 3.42 to this 
restriction, there exist elements x,y & a{v) such that x^g^ is a right divisor of 
Qy. Moreover, x,y & out(f ) U [v], as the centre of G{a{v)), which is pointwise 
fixed by 5, is generated by a{v) n {v-^\v). Suppose that x,y E G and let 
D be the component of r^± containing y. As x,y e a(v). Lemma 4.14 (ii) 
implies that D C G. Define 5o — ol^J)- For all z e X\D we have zb^ — z5 
and (applying Lemma 3.42 again) |5o| < |^|- If a ^ D then clearly 5q is v- 
unlikely, contrary to the choice of 5. If a G -D then, for all 2; G [a\r\D, z ^ x, 
it follows that x'^Qx is a right divisor of hzwa, which implies hz = h'^x^h'^wa. 
Therefore z5o = for all z G {[a]nD)\{x}, and again Sq is v-unlikely, 

a contradiction. We may therefore assume that {x, y} ^ G. 

Assume that y ^ G and that D is the component of r^,± containing y. 
Then D fl C = and = g'^x'^gx, for all 2; G -D. Again set 6q = a^x^ ^"^^ ^0 
is i'-unlikely with \5q\ < \6\. This contradiction shows that we may assume 
y E G and x ^ G. Then C is a component of r^± and x^gx is a right divisor 
of hzWa, for all 2; G [a] , as a, y G C. As C [a] and x ^ G this implies 

X = V 01 b. li X — b then gi, — a, a. contradiction, so we have x — v, w — vb 
and g^ = ba. 

Let 60 = a'^\S, so zSq = z'^^^"', for z G [a], and 2:^0 = for z ^ G. 
Again Sq is t'-unlikely, contrary to minimality of the length of 5. In all cases 
we obtain a contradiction, so there exists no i>-unlikely automorphism 5, 
completing the proof that ^ St(/C) Conj. 

□ 
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5 Appendix 

5.1 A presentation for the graph automorphisms of G 

A presentation for Aut^ojjjp(G) may be constructed using the wreath product 
structure, of the factors of the direct sum, in the decomposition of Proposition 
3.9(ii). First we estabhsh presentations for these factors. 

Recall from Definition 3.10 that Aut^gj^p{Gj^i) has generating set V^ompj- 
By definition Aut^^^p{Gj^i) = Aut(nj), and so we may construct a presenta- 
tion 

(^rampjl'^^compj) for Aut^ojnp(Gj,i). 

Also V^y^^j = {w^^Jl <a<b< rrij} is a generating set for Autl^^^{Gj^^), 
and so we may choose a presentation 



Let 



= iKb^P] ■■ P e nL.p,,, 2<a<b<mj} 



Let 



—V^ ■ LJ ■ and VF- —VF ■ LJ TZ^ ■ LJ 

' J ' comp,j ^ ' symm J i^iiv-i '^comp,j ^ '^symm,j ' 'j ' 



Proposition 5.1. Y[k=i^^^comp{^j k) ^ ^'^^lymmi^j *) has presentation 

Proof. Aut^„^p(G'j-fe) ^ AutJ;o^p(G'j-i), for /c = 2, . . . ,mj, and Aut^yj„^(G'j>) 

acts on rifc^i ^utcomp(^i,fc) by permuting the factors. Hence the group in 
question is a wreath product; and the given presentation is obtained from a 
standard construction. □ 

As Aut^(3j^p(G) is a direct sum of the groups of the previous lemma a 
presentation can be written down immediately. In order to do so define 

= {\p,q]:pe V^, q E Pj\ l<t<J<d}. 

Prom Proposition 3.9(ii) we obtain the next corollary. 

CoroUeiry 5.2. Aut^ (G) has presentation (^rampl^comp)? "where Pfomp — 
U^PJ and 7^^ ^ uf=l7^^ U . 
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Proof of Theorem 3.29 



Proof of Proposition 3.29. Let A be the group with presentation {V\7l). 
Identifying each generator of V with the elements of the same name in Aut(G) 
straightforward computation shows that all the relators in TZ hold in Aut(G); 
giving a canonical homomorphism O from A to Aut(G). We shall use the 
presentation of Aut(G) given in [24], which we shall call {Q\S), to construct 
an inverse to G. 

To define {Q\S) the automorphisms of a free product are divided into 
four types, in [24]. The first two types are the permutation and factor au- 

tormorphisms. The permutation automorhpisms are those belonging to the 
subgroup Autgyj^jjj(G'). The factor automorphisms are those automorphisms 
a such that a restricted to G{Tj^k) is an automorphism of G{Tj^k), for all 
(j, k) & S U J. Let be the subgroup generated by the permutation and 
factor automorphisms. 

The first step in the definition of {Q\S) is to choose a presentation for ^. 
In our case we extend the notation of Definition 3.27 to denote by Aut{Gj^k) 
the subgroup of automorphisms such that x4> = x, if x E X\X, ^ and 
^j,k<P Q G{rj^k)- Then ^ is generated by the subgroups Aut(G'j fc) and 
Autgyjjjjjj(Gj^*), for < j < d, 1 < A; < rrij (see Definition 3.7). For fixed 
j, with < j < d, let be the subgroup of ^ generated by Aut(Gj^fc), for 
1 < k < JTij, and Aut^yjjjjn(Gj,*). Then 

rrij 

*, = nAut(G,.,)xAut^y^^(G,g. 
fe=i 

Let 

= {Kb^P] ■.peVj,2<a<b< mj} 

U {[P, ^^iaQ^iJ ■P,Q&'Pj,2<a<mj} 

U {H,aP^i,a, ^ibQ^lbl ■P,qeVj,2<a<b< mj}. 

(Thus ^ Wj.) Then 

Proposition 5.3. has a presentation 

Proof. Au.t{Gj^k) — Aut(Gj^i), for /c = 2, . . . ,mj, and Autgy„jjn(^i,*) ^'^^^ 
Hfeii Aut(Gj_fc) by permuting the factors. The result follows as in the proof 
of Proposition 5.1. □ 

As * = nj=o *i ^^ve 
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CoroUeiry 5.4. ^ has presentation (Q*|»S^) where = Vint U T'^mp (see 
Definitions 3.10 and 3.24) and 5^ = ^UoC^j ^ ''^symmj U >Vj) U P. 

Proof. This follows from Proposition 5.3 as 

^lo(^.- U nymmj) = Uj=o(^int H Aut(G,- i)) U U'j=oKm^,j U ^lonymmj 

Vint U ^comp- 

□ 

The generators Q consist of Qq, together with a set Qwh of elements 
of (LInnext U Trext) , called Whitehead automorphisms, which we now define. 
First, for a e UjejOiVj) U Xf^ we define 

.^(j iiaeG{T,) 

\ X if a = x^, where x G X5, e = ±1 

(Thus, in comparison to the notation of page 27, if a G G{Gj) or a G Xs 
then a = a, whereas if a G Xg-^ then a = a~^.) For i,j G J with i 7^ j, 
a G G(rj) U Xg^ and a; G Xg^, with a;^^ 7^ a, extend the notation for 
transvections and locally inner automorphisms to denote by 

1. Tx^a the automorphism r such that xt — xa and yr — y, for all y & X, 

y ^ X and 

2. o:Xi,a the automorphism a such that lio; = u"-, for all G and 
za — z, for all z G 

A Whitehead automorphism is an clement of (Llnucxt U Trext), determined 
by an ordered pair {A, a), where A is a subset of J U Xs U Xg-^ and a G 
[Jj^jG{Tj) UXg^, satisfying the condition that 

• a e A and 

• if a G Xg^ then ^ A. 

Partitioning A\{a} as A\{a} = Aj U As, where Aj = (A f] J)\{a} and 
As = {A f] Xg^)\{a} , the pair {A,a) determines the automorphism 

n n ^V'^- (^■^) 

jeAj yeAs 

The set Qwh consists of all Whitehead automorphisms and the set Q of 
generators of Aut(G) is the union Q — U Qwh- 
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The relators S consist of the relations S-^ together with relators 51-59 
below, for which we need to introduce some terminology. Recall that, for 
h G G'(rj), where i G J, we have defined 7/i(i) to be the automorphism 
mapping g to g^, for all g G G'(rj), and fixing all elements of Xj, where 
j ^ i- Clearly 7/1 (i) is a product of elements of Llnuint C Q^. We use the 
same sublabeUing, J, S, L, of relators as [24] and these relators apply to all 
possible Whitehead automorphisms. In particular relators involving elements 
of Xs are defined only if itlq > 0, in Definition 3.4. Given a set W, subsets 
U,V oiW and a; G W^, we write U + V, V + x and V - x to denote U UV, 
V U {x} and respectively. 

SI 

J {A, a)~^ = {A, a'^), if a G J, and 

S {A, a)-^ ^(A-a + a-\ a^^), if a G Xf. 

52 {A, a){B, h) = {B, 6) (A, a), if A n 5 = and either 

J a,b E J, or 

S a,beXf, a-i ^ B, b-^ ^ A, or 
L a G J, 6 G Xf, b-^ i A. 

53 {A, a){B, b) ^ {B,b){A + B - b,a), if An B ^ 11} and either 

S a, 6 G X|\ ^ B, b'^ G A, or 
L aeJ,be Xf, G A. 

54 {A, a){B, a) = (A + S, a), if A n S = {a} and a G 

55 If a = 6 G J and AOB = {a} then 

(i) (Aa)(i?,&) = (5,&)(Aa), 

(ii) {A, a){B, a) = {A + B, a) 8,nd 

(iii) (AajlA^*) = {A,ba). 

56 0~"^(A,a)0 = {A(f),a(l)), for all G ^, with the natural interpretation of 

57 If a, 6 G Xg^, a G ^0,5, b G Xq,*, s 7^ 6 G >1, ^ A, is the unique 

element of Xo,i and p denotes the word oji givOJ^ gU^g ^ in the generators 
(so p is the cyclic permutation (a, a~^, 6)) then 

{A, a){A-a + 6) = p{A - 6 + 6"^ a). 
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S8 {A, a){B, h) = (5, b){A, a), if A C S and 6 ^ A and either 



J a G J, or 

S a G Xf, G 5. 

59 If A C a G J, 6 G and 6 G A then 

{A, a){B, b)^{B,b){B-A + a + r\ a-^)7„-i(a). 

In fact in [24] a larger set of generators is used involving certain products of 
Whitehead automorphisms. However these additional generators can all be 
removed, using Tietze transformations, to give the presentation {Q\S) above 
for Aut(G). 

Now let $ be the map from Q to A defined as follows. Each element of 
is mapped to the element of the same name in the generators of A. For 
i E J and x,y E X^^, with x ^ y, x ^ Xf^ and y G Xg^, the Whitehead 
automorphisms {{i,x},x) and map to axi,x G Llnuext and Ty^x G 

Trcxt, respectively. To define $ on general Whitehead automorphisms first 
choose a geodesic word representing each element of G(Ti)^ for each ? G J. If 
g is represented by the geodesic word Oi ■ ■ ■ a^, with a, G X^^ ^ j G J, then 
the Whitehead automorphisms {{i,j},g) and {{j,y},g) map to the words 

V, which we write as axi,g and fx,g, 
respectively, cf. Definition 4.12. (The ~ indicates that these are words over 
V, in the presentation of A, as opposed to elements of Aut(G).) Finally $ 
maps the Whitehead automorphism {A, a) to 

n n (5-2) 

j&Aj yeAs 

(cf. (5.1)). To see that this is a well defined map note that from TZl, TZ4 and 
TZ6 it follows that all terms of the product (5.2) commute with each other: so 
the order in which the elements of A appear in this product does not affect 
the image {A, a)$ of {A, a) in A. 

We claim that the natural extension of this map to Aut(G) determines a 
homomorphism $ : Aut(G') — > A. Clearly all the relators of 5^ map to the 
identity of A. To prove the claim we need to check that the same is true of 
the relators »Sl-<S9. First we establish a useful consequence of the relators 
mo of A. 

TZ12. Let i,j G J, with i ^ j, and let x G X^^. li ai ■ ■ ■ am — bi ■ ■ - bn are 
geodesic words in G'(rj), with ai,bi G X^^, then 

(^Xj,am • • • ^Xj,ai = OiXj,b„ ' ' ' OlXj,bi ^^^^ Tx,am ' ' ' '^x,ai = Tx,bn ' ' ' '^x,bi , 

(where elements T~y of Trgxt"^ are written as Tx^y-i). 
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(Therefore the definition of $ is in fact independent of the choice of geodesic 
word for each element of G'(rj).) 

We now check S1S9 in turn to see that they become relations of A. To 
fix notation let us assume that, whenever (^4, a) and {B, h) are Whitehead 
automorphims we have 

(A,a)$ = Y\ ^^3,0. n 
keBj zeBs 

As the terms of these products are products r and a.,, of transvections and 
locally inner automorphisms, it useful to establish versions of the relators 
7^1-7^11 for such automorphisms. With this in mind consider the analogues 
of these relators where generators Ta,s and ax„,s, with a e X^^, n E J and 
s e Xf^, are replaced by fa,w and dix„,w: where w may be any element of 
G(r^) (and the conditions on the relators remain otherwise unchanged). This 
affects y and v in 711; y in 712, 7Z7, 7Z9 and 7^11; x and y in 7Z4 and 7Z5; y 
and z in 7Z6 and 7^8; and u, y and z in 7^10. 

Denote the~version of 7^j by 7^j~. Then TZV , 7i4:~ , 7^6~, 7^10~ and 7^11~ 
follow directly from the original versions. TZ2~ follows using 712 and 711 . 
Similarly, 715~ follows from 7Z5 and 7^.4; 7t7~ follows from 7Z7 and 7?.6; 7^.8 ~ 
follows from 7^8 and 7Z6. 7Z9~ follows from 7Z9 and 7^11. Therefore we may 
now assume each relator 7Zj is in fact the relator TZf (and drop the ~). 

Given the comment following (5.2), we have in A 

((^, = n n ^j''"-'- 

jeAj ye As 

Therefore the relator 51 follows from 7^12. 

To verify relators 52 we must check that, for all j e Aj, k e Bj, y e ^4^ 
and z e Bs, we have 

in A. Assume the conditions of S2 hold. As A n i? = we have in all cases 
j ^ k and y z; so y — z~^ or y ^ z. In case J we have a ^ G{Tk) 
and h ^ G{Vj), so a, fe ^ {k,3}, and y, 2; ^ {a, In case S we have again 

a,b ^ {j, k}j y ^ b, and y 7^ b~^, as b~^ ^ A, and similarly z'^'^ ^ a. Hence 
y,z ^ {d,b}. In case L we have a,b ^ {ji ^} ^-iid y,z ^ {S, as before. 
Therefore relation 7^4 implies that [(yxj,a, o^x^A = 1; relation 7Z6 implies that 
[ry,a, OiXk,b\ = [oiXj,a,f^,b\ = 1 and 7^1(i) & (n) imply that [fy^a,r^,b] = 1- 
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To see S3 holds let A' = A\{b-^}, so (A,a)$ = n-i,a{{A',a)^). Since 
52 maps to the a relation of A, (A', a)$(S, 6)$ = {B, b)^{A', a)$ and hence 
it suffices to show that 

n-i,a{B, b)^ = {B, b)^B -b + a, a)$f6-i,„, 

that is 

^6 ,a n "^fe n ^ M = n ^^^^ n n « n 

\keBj zeBs J \keBj zeBs keBj zeBs J 

Prom TZ7 and the conditions of S3 we have fb-i^aO(Xk,b — Oix,„bOiXk,aTb~^,a and 
using 7^.4 we obtain 

"^fe-i.a ( n ^^k,h ) = I n n ^^k,a l T6-i,a- 

Similarly, using TZ2 and 7?.l we have 

n-^,a I n ^^'0 ^ I n ^^'^ n ^^-^ i ^^-^^o.- 

\zeBs J \zGBs zdBs J 

Finally, IZQ may be applied to give the required result. 

That iS4 holds after mapping to A is another consequence of the the 
remarks following (5.2). 

If the conditions of <S5 hold then, for all y & As, j & Aj and k e Bj we 
have a, 6 ^ {j, k} and y 7^ 6; so from 716, [axk,b, Ty^a] = 1. As also j 7^ k, TZA 
applies to give [aXj,a,0(Xk,b] — 1- For all y E Ag and z E Bs we have also 
y,z ^ {i}, and either y = or y ^ z. Hence, from TZl, [f^^ q, f^;, 6] = 1. 
Therefore S5 (i) holds after mapping to A. 55 (ii) is dealt with using the 
remarks following 5.2. Prom the above the conditions of TZ6 also apply to 
give [d(Xj,b,T^y,a\ — 1, SO <S5 (iii) holds after mapping to A. 

If is a generator of "if then we have, from 7^11, 4>~^Oix-,a4> — ^X (i>,a4 and 
4'~^'^y,a4' = ^y<j>M- Consequently the equality of 56 holds on mapping to A. 

In the case of 57, let = As\{b}. Then we must show that 

n ^^,><^ n ^j''" ) n n ^^^'^ ^ 

\j&Aj y&As J \j&Aj y&A'g j 

p n '^^^'^ n 

\i6Aj y&A's I 
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If the conditions of S7 hold then we may apply TZ7, TZ6 TZA, TZ2 and TZl to 
the left hand side to obtain 

n n ^y^^ ) I n ^^^^'^ n ^y^'^ ^^-^^^ 

\jeAj yeAs J \jeAj yeA'g J 

^ I n "^^^ « n ^^'^ n ^^^^^ n ^y^^ 

\jeAj yeA'g J \jeAj yeA'g J 

^ I n "'^o^b n ^2/'^ n,aTa-\b- 

ye^j y&A'g j 

Prom 7?.3 we have T'ln^aTa-^b = P, so fb,afa-i,b ^ij^bp, and from TZll then 
T'b,aT^a-^,b — PT'b-^,a- A final application of TZll then gives the required result. 

If the conditions of 58 hold then A ^ B and from 54 and iS5 it follows 
that {B, b) ^ {A + b, b){B\A, b). In case S of 58, this means that 

{B,b){A,a) = {A + b,b){B\A,b){A,a) 

= (A + 6, b){A, a){B\A + A - a, 6), using 53, 
= {A + b,b){A,a){B -a,b). 

Now 51 implies that {A, a)~^ — {A — a-\- a~^, a~^) and 53 implies that 

({a, 6}, - a + a"\ a"^) = (A - a + a"^)(A + 6, 6), 

so 

Therefore 

{B,b){Aa)^{A,a){{a:b}MB-a,b) 

— {A, a){B, b), using 54 and 55. 

Thus, case S of 58 follows from 51, 53, 54 and 55. Since the latter all hold 
after mapping into A, the same is true of 58, S. Hence it remains to consider 
58, J. In this case we have, from 52, that 

(5, 6) (A a) - (A + h){B\A, b){A, a) 

= {A + b,b){A,a){B\A,b). 
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As S2 holds in A it therefore suffices to check that 

{A + b,b){A,a) = {A,a){A + b,b) 
holds after mapping to A; that is 

axi,b n ^^ofi n ^y'^i I n ^^^-^ n ^^-^ 

jeAj ye A J J \3eAj yeAj 

n "^^''^ n ^V'"" I ( "^-^ n n ^v''^ ) > 

where i — a e J and b ^ A. Let ty denote the left hand side of the above 
expression. From 716, we have [fy^b, aj^a] = 1, for y G As, j G Aj; from 
7?.4, we have [cKji.fe, <5;j2,a] = Ji 7^ ^2 G ^j; and from TZl, we have 

[7'yi,6>7'y2,a] = 1, for y^^y2e As. Hence 

Prom 7^5, we have Q;xi,6ttx,,bttx,,a = OiXj,aOiXi,b&Xj,h and from 7^4, we have 
[5;xi,6, ax^.b] = 1, for j G Thus 



w 



n "^^'^ ) ( n "^^'^ ) ( n ^^v^^'^y''' ) • 

jeAj J \jeAj J \yeAj J 



\3&Aj 

Using 7?.8 and TZ6 in a similar fashion, we finally obtain 



w 



n n ) I "^i''' n n ^y-'^ / > 

'^jeAj ygAj / \ jeAj yeAj 



as required. 

To establish that <S9 maps to an equahty in A, first consider the special 
case where a E J, b E X^^, a E B and A — {a, b}, in which case <S9 reduces 
to the statement 

{{a, b}, a){B, b) = {B, b){B-b + b"', a-')^,-^ (a), 

which we call 59'. Then S9 follows from 59' and 51-58. To see this, let 
(^4, a) and {B, b) be such that the conditions of 59 hold. Then (^4, a) = 
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({a, b}, a){A — b,a), from S5, so 
{A, a){B, h) = ({a, b}, a){A - b, a){B, b) 

= {{a,b},a){B,b){A-b,a), from 58, 
= (B, b){B - 6 + b-\ a-^)7„-i(a)(A - 6, a), from 59', 
= (S,&)(S-6 + r\a-^)(^-6,a)7„-i(a), from <S6, 
= (S, - A + a + r\ a-^)(A - 6, a-^)(^ - 6, a)7„-i(a), 
from <S5, 

= {B, b){B - A + a + a~^)7„-i(a), from «S1. 

Therefore it suffices to check that 59' maps to an equahty in A. Suppose 
then that ae J, b e Xg'^ and ae B. Prom 717, for all k e Bj - d, 

T'b-\aOik,b-^ = Oik^a°^k,b-''n-^,a, 

SO 

Oik,b-'^n-\a = afe,o^6-i,aafe,b-i 

and 

using 7?.10 and 7?.6. Similarly, for all z e Bs, 712 implies that 

fb-\afz,b-i = T'z,^T'z,b-^h-^,a, 

so, using 7^10 and 7^1, we obtain 
Then, setting i — d, 

{{i, b}, a)$(5, 6)$ = f(.,„ai,b I a^^b f^,,, J 

\keBj-i zeBs / 

\keBj-i zeBs J 

= ai,6 ( n ^fe.&'^^M n ^''b^^i ) V^a7a(0"^ using the above, 

\keBj-i zeBs / 

n "^.^ n ^^.^) f n < n ^^a) via7a(o-\ 

\keBj-i zeBs / \keBj-i zeBs / 

using 714: and 7?.6, 
= (B, 6)$ (S + + b, a-i)$ 7a 
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as required. 

This concludes the proof that substitution of g$ for q in s, for all g G Q 
and all s E S results in the trivial element of A; so $ is a homomorphism. 
From the definitions, 0$ is the identity of Aut(G') and $0 is the identity of 
A, so A ^ Aut(G) and {V\R) is a presentation of Aut(G). □ 
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